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Small bound isomorphisms
on the domain of a closed *- derivation in C(K)
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In this article, it is shown that if there exists a small bound isomorphism between the
domains of closed *-derivations, then the underlying compact Hausdorff spaces are
homeomorphic.
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1. Introduction

Let C(K;) be the Banach space of all complex valued continuous functions on a compact
Hausdorff space K; equipped with the supremum norm || * ||, (¢ = 1,2). The classical Banach-
Stone theorem states that any surjective linear isometry between C(K) and C(K3) is induced by
a homeomorphism between K; and K. That is, if the spaces C(K;) and C(K3) are isometric,
then K; and K, are homeomorphic. Amir and Cambern!?) showed that if there is a surjective
linear isomorphism 7" from C(K;) to C(K3) such that ||T||c||[T7 ||oc < 2. then K; and K are
homeomorphic. This is a very interesting generalization of the Banach-Stone theorem.

On the other hand, these results have also been extended to various other Banach spaces by
many authors. For a compact subset X of the real line R, we denote by C*(X) the Banach space
of all continuously differentiable functions on X. Jarosz®) proposed the following question : Is
there a positive € such that for any compact subsets X,Y of the real line R, the Mazur distance
d(CY(X), C(Y)) < 1+ ¢ implies that X and Y are homeomorphic? When the norm of C*(X)
and C1(Y) are given by the c-norm, Cambern-Pathak®) proved the existence of such & under the
additional assumption [|[T||o||7" |lec < 00. Jun and Lee® also obtained some partial answers for
this question.

The purpose of this article is to study the above problem from the point of view of unbounded
closed *-derivations.

We recall a closed *-derivation. A derivation 6 in C(K) is a linear mapping in C(K) satisfying
the following conditions :
(1) The domain D(6) of § is a norm dense subalgebra of C(K).
(2) 8(fg) = 8(f)g + F6(g) (f,9 € D(6))-
4 is said to be a *-derivation if it also satisfies:
(3) f € D(6) implies f* € D(6) and §(f*) = 6(f)* where f* means the complex conjugate of f.
§ is said to be closed if f, € D(6), fn — f and &(f,) — g implies f € D(6) and 6(f) = g, that
is, 6 is a closed linear operator. Several interesting properties of the domain of closed derivations
have been investigated. For example, (8) contains the constant functions C1, and C*-functional
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calculus is possible in D(8), that is, if f(= f*) € D(8) and h € CH{[—||flloc, || flloc)), then R(f)(=
ho f) € D(68) and §(h(f)) = K'(f)6(f) where h' means the derivative of k. For other properties of
unbounded derivations in general C*-algebras, we refer to 6),7).

The differentiation d/dt on the space C1(X) of continuously differentiable functions on a com-
pact subset X of the real line R is a typical example of closed derivations. Therefore, we may regard
the domain D(6) of § as a generalization of the Banach space C'(X). Moreover, if D(8) = C(K),
6 is bounded and 6§ = 0. These facts suggest a unified approach to deal with C(K), C*(X) and
several other spaces of differentiable functions together.

2. Isomorphisms of D(6)

Let K; be a compact Hausdorff space, and let §; be a closed *-derivation in C(K;) (i = 1,2). Then
9(6;) is a Banach space under the norm defined by || f|| := |[flloc + [|6:(f)][oc. If there exists a
surjective linear isometry from D(8;) to D(63), then K;(6;) and K»(62) are homeomorphic where
Ki(6;) := {z € K; : 3f € D;(6;) such that §;(f)(z) # 0} (i = 1,2)®. Moreover, we showed that
any small bound surjective linear isomorphism between®(6;) and D(62) induces a homeomorphism
between K(6;) and K(82)%.

Theorem Let K; be a compact Hausdorff space, and let §; be a closed *-derivation in C(K;)
from D(6;) onto C(K;) with Ker(6;) = C1 (i = 1,2). Suppose that there exists z; € K; and
M;(> 0) such that ||fllee < M;l|6:i(f)|loc for f € D(6;) with f(x;) =0 (i = 1,2). IfT is a linear
isomorphism from D(61) onto D(62) which satisfies
(i) if 61(f) =0, then 6,(Tf) =0,
(i) [Ifgll < TfTgll < (1 +e)?|fgll,
@) |1Fl < ITFl < A +o)llfll, and
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(iv) € < min { 1

100(M; + 1)’ 100(M, + 1)’ il
then K, and K, are homeomorphic.

For the proof of this theorem, we need some lemmas.

Lemma 1 Let K; and §; be as in the theorem (i = 1,2). Let T be a linear map from D(6,)
onto D(62) which satisfies the assumption (ii) in the theorem. If ||fllc <k <1 and ||f|| =1, then

1T flloe < (1+€)V—k%+ 2. B

Proof From the definition of the norm in D(é;), we have

TSI = T lise S ITFTSI < (1+)I1F2]]
= (L+)*(I/2lle + 201 f61()llsc)
< (142 {1 flloc(l1f e + 21181(F)llse)}
1+ &) {1 flloc (1 Flloc +2(1 = [1fllc))}
)2
)

il

= (1+)"{=Ifll% +20fll}
< (1 +¢€)?(—k% + 2k).

. Lemma 2 Let K;, 6, T be as in the theorem (i = 1,2). If f € D(é1), then ?Hél(f)ﬂoc <
1162(T F)loe-
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Proof For arbitrary fixed f € D(61), put fo := f — f(z;). Since we may assume 6;(fo) # 0,
there exists zo € K1 such that [61(fo)(zo)| > [161(fo)llee — €’ for any &(|[61(fo)lloc > €' > 0). For

any k(> 0) such that v—k2 + 2%k < w5 Ve take a function h € C*([—| folloc, Il folloc]) such that

W(fo(z)) =2, 0<K <2 and ||hlloc < 2k(|61(f0)lloc — &)

Putting g := h(fo), we have

lglloe = l|Bllse < 2k([161(fo)lloc —€")
< kW (fo(o))1161(fo) (o)
S KR (fo)1(fo)lloe = Ell61(9)]]oc-

Hence,
lglloe < kllb1(Dlle (1) and 2(|61(fo)ll — &) < [I61(Dll-  (2)
We now show that
2[161(fo)lloe (1 = (L4 €)V/ —k2 + 2k) — 2" < [[62(Tg)[lc-  (3)

By (1) and Lemma 1,

ITglloe < llgll(1+e)v/—k2 + 2k.
From this and [|61(g)llec = [|7(f0)81(fo)]lc < 2lI61(fo)l|sc, we have
ITglloe — llglloc (1 + &)/ K2 + 2k <|[61(9) lloc (1 + £)v/—k2 + 2k
<2(1+€)V/—k2 + 2k][61 (o)l (4)
By (1+¢)v—k2 + 2k < 1 and (iii), we have
llglloe (1 + &) V/=k2 + 2k + [[61(9)lloe < llglloc + [161(9) 1o = llgll < I T9ll,

that is,

161(Dlloc < NTgll = lglloc(l + )V —k2 + 2K.
From this and (2), (4), we have
2(161(fo)lloe —€") < ITgll = lIglloc (1 +&)v/ —k% + 2k
< |182(Tg)lloe + 2(1 + )V —k2 + 2k(|61(fo)ll ocs

which implies (3).
Since

1Tglloc <lgll(L+e)v/ —k%+ 2k
< 2(1+ k)161(fo)lloc (1 + )/ ~k2 + 2k

from Lemma 1 and (1), we have

1T(fo — 9l
2T follse = T glloc — N162(T fo)lloc + 1162(T9) [l
2T folloe — 2(1+ k) (L + &)/ —k% + 2k||61(fo)ll
+2(1 = (1 + )V —k2 4 2K)[|61(fo)lloc — 2¢" — [[82(T fo)loo- (5)
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Since [|glloc = llgll = 161(9)lloc < 2(1+ K)l161(fo)lloc — 2(/161(fo)lloc — €'), we have

IT(fo — 9l < (L + &)l fo — gl

<
< (L+e)(llfolloe + lglloe + Sup 161(fo)(2)(1 — ' (fo(=))])

< (L+e)(llfoll + ligllee)

<ol + pos 61l + (1 + ) E 1 (fo) 1 +22). (6)

If, for some k& > 0,

62T e < 201 = 221+ E)v/=K2 + 2K) |61 (o)l

then by (5)
I7(fo = 9)ll
>[I foll < —2(1+k )L+ €)V/=k2 + 2K[181(fo) o +2(1 = (14 €)V/=k2 + 26)l161(fo)oc
— 9 — ?(1 — =(14+e)V/ k2 + 2k)||61(fo)ll <

=T folloe + {~2(1 + k)1 + ) + 21+ )}V =k + 2k[[61(fo)llo + (2~ g)lltsl(fo)llx — 2

5 (1= 2k(1 + &)/ "k + 26) 61 fo) e — 2¢

=T follc + 518 (fo)llee + 51

SITfoll+ 5161 o)l — 2

From this and (6), we see that

Il foll + |151(fo)l|oc (1+ &) (2klI81(fo)llo +2¢') > IT foll + ;llél(fO)Hoc -2

100

Since k and £ is arbitrary, we have

1foll 2 1T foll + 55 161(fo) [oc-

700

This contradicts to (iii). Hence, for any sufficiently small k¥ > 0, we have

62T fo)lle 2 21~ ()1 -+ VR +28) 81 (o)

which implies that
5
162(T fo)lloe 2 Z1161(f0)lloc-

Since 6,(fo) = 61(f), we have 85(T fo) = 62(Tf) from (i). Consequently, we have

162(T )lloe = ?Hél(f)Hoo

This completes the proof of Lemma 2.

Lemma 3 Let K;, §; and T' be as in the theorem (i =1,2). If f € D(8,), then g”él(f)ﬂx

1627 )l < 1+ ().

<
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Proof If 65(Tf) = 0, then 6;(f) = 0 by Lemma 2. Replacing T by (1 + €)T~! and applying
Lemma 1 and 2, we see that

D ea()loe < (14 BT @)l for g€ D).

Since T is a onto map, we have

21T Dlle < (1 + )8l

This completes the proof.

Proof of the theorem Fixed zo € K;. For f € C(K}), there is unique function F' € D(61)
such that 6,(F) = f and F(zo) = 0. Let S be a linear map from C(K1) into D(61) defined by
S(f) :=F for f € C(K). Let S’ be a map from D(§2) onto C(K3) defined by S'(g) := 62(g) for
g € D(63). Since ‘

b1(S(af + Bg) — aS(f) — B85(9)) =0

for f, g € C(K1), we have
62(TS(af + Bg) — aT'S(f) — BT S(g)) =0

from (i), that is,
S'TS(af + Bg9) — aS'TS(f) — BS'TS(g) = 0.

Hence S'TS is a linear map from C(K;) into C(K3). Let T" be a map from C(K;) to C(K3)
defined by T7(61(f)) := 62(Tf) for f € D(6;), then

T'(6:(f)) = 62(Tf) = 62(TS(6:1(f)) = S'TS(6:(1))-

Therefore, by Lemma, 3, T” is a surjective linear map such that

7 - 7
1T < £1+€) and Tl < 5.

Therefore

- 49
T e T e < 5 (1 2)-

Then K; and K, are homeomorphic from the Amir theorem. This completes the proof of the
theorem.

Applying the theorem to the differentiation, we have the following corollaries.

Corollary 1 Let X andY be compact subsets of the real line R with X C [a, b] andY C le, d].
For fo € C([a, b]) and go € C([¢, d]) such that fo(z) #0 (z € [a, b]) and go(y) #0 (y € [c, d)),
set 6; 1= foi and 6y := goi respectively. If T is a linear isomorphism from C*(X) onto C'(Y)
which satisfgzts dt
(i) if 61(f) =0, then 6(Tf) =0,
(ii) | fgll <ITfTqll < (1+e)?lIf9ll,
(i) 1l <ITAl< (1 +€%|j7f||, and

(iv) € < min { o7 1

10070 ) ol + 17" 1007(@— llool= 71} 89"
then X and Y are homeomorphic.
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Corollary 2% Let X and Y be compact subsets of the real line R with X C [a, b] and
Y C (¢, d]. If T is a linear isomorphism from C1(X) onto C*(Y') which satisfies
(1) of f' =0, then (Tf) =0,
(i) lIfgll < ITfTgll < (1+e)?lIfgll,
(i) Il < ITfIl < A+l Fll, and
. . 57 57
(iv) & < min {

100(b—a+1)’100(d — c + 1)’ Z{)}’
then X and Y are homeomorphic.
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