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Uniform convexity of complete Busemann spaces

Yukino TOMIZAWA∗

Normed linear spaces play an important role in pure and applied mathe-

matics. In particular, Banach spaces are useful tools for problem-solving in

computational science. Mathematicians have showed the geometric structure

of Banach spaces since the introduction of uniform convexity by J. A. Clark-

son. B. Beauzamy presented a characterization of uniform convexity of Banach

spaces. This result was an important property to elucidate the geometric struc-

ture of Banach spaces. It contributed to solve various optimization problems.

On the other hand, H. Busemann constructed a theory of non-positive cur-

vature of metric spaces. Using this theory, B. H. Bowditch introduced non-

positive curvature spaces called Busemann spaces. Busemann spaces are more

general than strictly convex Banach spaces. In recent years, Busemann spaces

have attracted attention for their use in computational science. Against this

background, the study of the geometric structure of Busemann spaces is valu-

able of pure and applied mathematics.

In this paper, I discuss uniform convexity of complete Busemann spaces. As

a main result, I prove a characterization of uniform convexity of Busemann

spaces. This is a generalization of the characterization of uniform convexity of

Banach spaces given by Beauzamy.
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, R . (X, d) (metric space), [0, l] ¢ R

. ³ : [0, l] ³ X (geodesic path) , d(³(t1), ³(t2)) =

|t1 2 t2| t1, t2 * [0, l] . X

(uniquely geodesic space) , x, y * X

. x, y * X [x, y] .

z * [x, y] t * [0, 1] d(x, z) = td(x, y), d(z, y) = (12 t)d(x, y)

, z = (12 t)x· ty . x, y * X (convex conbination)
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x, y, z * X
∑3

i=1
³i = 1 {³i}

3
i=1 ¢ [0, 1]

³1x· (12 ³1)

(

³2

12 ³1

y ·
³3

12 ³1

z

)

, ³2y · (12 ³2)

(

³1

12 ³2

x·
³3

12 ³2

z

)

.

X Busemann (Busemann space) ,

³1 : [0, l1] ³ X ³2 : [0, l2] ³ X (t1, t2) �³ d
(

³1(t1), ³2(t2)
)

[0, l1]× [0, l2] ³ R [4, p. 576, Def.]. Busemann

X :

(1)[2, p. 4, Prop. 1.1.5] x, y, z * X t * [0, 1]

d(z, (12 t)x· ty) f (12 t)d(z, x) + td(z, y). (1)

(2)[9, p. 40, Def. 6.5] x, y * X t, s * [0, 1]

d
(

(12 t)x· ty, (12 s)x· sy
)

= |t2 s|d(x, y). (2)

Busemann Euclid , (

Banach ), , R-trees [2].

4

(X, d) x, y * X , m * [x, y] x y

(midpoint) , d(x, y) = 2d(x,m) = 2d(m, y) , m = x
2
· y

2

. X X X

[2, p. 2, Prop. 1.1.3].

(X, d) (uniformly convex ) , r > 0

ë * (0, 2] · * (0, 1] , d(a, x) f r, d(a, y) f r d(x, y) g ër

a, x, y * X

d

(

a,
1

2
x·

1

2
y

)

f
(

12 ·
)

r

[7, p. 3, Def. 2.3]. r > 0 ë * (0, 2] ,

·(r, ë) : (0,>)× (0, 2] ³ (0, 1] modulus of convexity :

·(r, ë) := inf

{

12
1

r
d

(

a,
1

2
x·

1

2
y

)

: d(a, x) f r, d(a, y) f r, d(x, y) g ër

}

.
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Busemann modulus of convexity ,

:

4.1. Busemann (X, d) , r > 0 modulus of

convexity ·(r, ë) : (0, 2] ³ (0, 1] .

Proof. 0 < ë1 f ë2 f 2 . modulus of convexity , d(a, x) = d(a, y) =

r, d(x, y) = ë2r , d
(

(1/2)x · (1/2)y, a
)

=
(

1 2 ·(r, ë2)
)

r .

t = (ë2 2 ë1)/2ë2, p = (12 t)x· ty, q = tx· (12 t)y . (1) , d(a, p) f r,

d(a, q) f r . (2) , d(p, q) = ë1r . X

, d
(

(1/2)p· (1/2)q, a
)

f
(

12 ·(r, ë1)
)

r .

·(r, ë1) f 12
1

r
d
(p

2
·
q

2
, a
)

= 12
1

r
d
(x

2
·
y

2
, a
)

= ·(r, ë2).
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, Banach .

Banach (E, �·�) , ë * (0, 2] ·(ë) > 0 ,

�x� = �y� = 1 �x2 y� g ë x, y * E �x+ y�/2 f 1 2 ·(ë)

. Banach , .

5.1. [3, p. 191, Lem. 2] (E, �·�) Banach , x, y * E

�x� = �y� = 1 x �= y . ë := �x2 y� .

t * [0, 1] :

∥

∥

∥

∥

x+ ty

2

∥

∥

∥

∥

f
1 + t

2
2 t·(ë).
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5.1 , Banach .

5.2. [3, p. 190, Prop. 1] (E, �·�) Banach . E

ë * (0, 2] ·(ë) > 0 , x, y * E

�x� f 1, �y� f 1 �x2 y� g ë

∥

∥

∥

∥

x+ y

2

∥

∥

∥

∥

2

f
(

12 ·(ë)
)

(

�x�
2
+ �y�

2

2

)

.

, Busemann . Banach

(x+ ty)/2 Busemann x3/2·
(

(12 t)x1· tx2
)

/2

, , 5.1

. , (x+ ty)/2

12 t

2
x1 ·

1 + t

2

(

t

1 + t
x2 ·

1

1 + t
x3

)

. 5.1 .

5.3. [11, p. 157, Thm. 3.2] (X, d) Busemann ,

x1, x2, x3 * X ë * (0, 2] d(x1, x2) = d(x1, x3) = r > 0 d(x2, x3) = ër

. t * [0, 1] :

d

(

x1,
12 t

2
x1 ·

1 + t

2

(

t

1 + t
x2 ·

1

1 + t
x3

)

)

f r

(

1 + t

2
2 t·(r, ë)

)

.

, 5.2 , Busemann

, 5.4 . (3) t = 1 .

5.3 .

5.4. (X, d) Busemann . X

ë * (0, 2] ·(ë) > 0 , t * [0, 1] x1, x2, x3 * X

d(x1, x2) = d(x1, x3) = r d(x2, x3) = ër

d

(

x1,
12 t

2
x1 ·

1 + t

2

(

t

1 + t
x2 ·

1

1 + t
x3

)

)2

f
(

12 ·(ë)
)d(x1, x3)

2 + d(x1, (12 t)x1 · tx2)
2

2
. (3)
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Proof. . (3) t = 1 ,

d

(

x1,
1

2
x2 ·

1

2
x3

)

f r
√

12 ·(ë).

, X ·(r, ë) = 12
√

12 ·(ë) .

. 5.3

d

(

x1,
1−t
2
x1 ·

1+t
2

(

t
1+t

x2 ·
1

1+t
x3

)

)2

1

2

(

d(x1, x3)2 + d(x1, (12 t)x1 · tx2)2
) f

r2
(

1+t
2

2 t·(r, ë)

)2

1

2

(

r2 +
(

td(x1, x2)
)2

)

f

(

1+t
2

2 t·(r, ë)

)2

1

2
(1 + t2)

=: ×(t).

t * [0, 1] ët := d(x3, (12 t)x1 · tx2)/r . ët ë

, ët > 0

max ët =

{

ë (1 f ë)
1 (ë < 1)

. ë .

(ë f ët/2 ) ,

(12 t)r = d(x2, (12 t)x1 · tx2) g d(x3, (12 t)x1 · tx2)2 d(x2, x3)

g r
(

ët 2
ët
2

)

=
ëtr

2
.

t f 12 ët/2 .

×(t) f

(

1+t
2

)2

1

2
(1 + t2)

=: ×̂(t)

×̂(t) t * [0, 1] [3, p. 193, Lem. 3] ,

×(t) f ×̂
(

12
ët
2

)

=
(12 ët

4
)2

1

2

(

1 +
(

12 ët
2

)2
) .

2(12 u/4)2/
(

1 + (12 u/2)
2
)

u = 0 1 , u * [0, 4]

, 1 .

12 ×(t) g 12
(12 ët

4
)2

1

2

(

1 +
(

12 ët
2

)2
) =

ë2t
2(ë2t 2 4ët + 8)

> 0.
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(ë > ët/2 ) 4.1 ·(r, ë) g ·(r, ët/2).

×(t) f

(

1+t
2

2 t·(r, ët/2)

)2

1

2
(1 + t2)

=: Ë(t).

Ë(t) t = 12 2·(r, ët/2)

Ë
(

12 2·(r, ët/2)
)

= 2(·(r, ët/2)2 1)·(r, ët/2) + 1 (4)

, modulus of convexity ·(r, ë) 1 .

12 ×(t) g 12 Ë(t) g 2(12 ·(r, ët/2))·(r, ët/2) > 0.

,

0 < ·(ë) f min

{

ë2t
2(ë2t 2 4ët + 8)

, 2(12 ·(r, ët/2))·(r, ët/2)

}

·(ë) , :

d

(

x1,
12 t

2
x1 ·

1 + t

2

(

t

1 + t
x2 ·

1

1 + t
x3

)

)2

f
(

12 ·(ë)
)d(x1, x3)

2 + d(x1, (12 t)x1 · tx2)
2

2
.
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