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An improvement for solving of Tartar’s equation

for one dimensional isentropic gas dynamics

Shigeharu TAKENO*

Using the compensated compactness theory, DiPerna proved the existence
of weak solutions of one dimensional isentropic gas dynamics equations with
arbitrary large initial data for discrete adiabatic exponents, and Ding-Chen-
Luo extended the result for continuous adiabatic exponents. In their results,
it is important to solve Tartar’s equation for Young measure and weak entropy
pairs, but the part is complicated. In this article, we see an improvement of
the part for discrete exponents. In our method, the argument for the part
is more simple, and we can relax the restriction of the basic function of the

weak entropies.

Keywords: isentropic gas dynamics, compensated compactness theory, im-
provement for solving Tartar’s equation, Young measure, discrete adiabatic
exponent
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LD RN, 1 KLDFL Y b e v —fizicidhd 2 REFEE ORI 5K

{ pt+ (pu)z =0

(et (o2 + P(p))y =0 17 0TER) (3)

T, p=pt,z) > 0 WETHEREE, u = u(t,r) \ZEE, P = P(p) = Ap” IZEH, A > 0,
1 <y < 3IXERT, v FWEER L dIEN 5. /i TEERFEH], %F 1 EB) &R
ZEML, £oT (3) & DEVARFADTER) & Eh 5.

Z O AR OYVHHERTE O OFAEAEA T £ LT, flifEa > %7 MMEMER (compensated
compactness theory) £W5 b DHH D, ZNZHWT, Ap? TBOEINIH LTI, KEX
REEFNHIRZ 2 R WHIEMEC NS 5 (3) OFIHERIE O 59fEDFIED, £ 3 DiPerna
(1983)B1 12 ko THIEEE v 25 v = 2m +3)/2m + 1) (m = 1,2,3,...) DIFHITRE
1, Ding-Chen-Luo (1985,1986)2 12 & > TZAMPMEED 1 < v < 5/3 I[ZHER X A, Lions-
Perthame-Tadmor (1994)0°] 12Xk b ~ > 3 OHA, # LT Lions-Perthame-Souganidis
(1996)4 12D 1 < v < 3 DHFEIRIN, FXr b =KD P = Ap? OBICH LT
W,y >1 DFTRTD ~ I L TIHBEOREIZIEEEIRL TN 5.

ZD%HZOHERZHHATE2ENIE P(p) AT 2 ABTTOITWSD (Chen-
LeFloch!!, Makinol”, Lul®l), 22Uz i3fE kDD 5t EAD R L & HEICk 5. £7-,
DiPerna (1983)3) OfEHRICH$ 2R TH % Ding-Chen-Luol?! D F5ikIZ, EARZFHE D H
MCHDTDZ0HMMHHEL <, 2o DAHOUR, flilgltd, ZOPHOHEDT-DIC
FBERE Bbh s,

AT, Ding-Chen-Luo? & DFEFADS R DORTERE ¥ LT, DiPernal’) OfEE, $4b
by = (2m+3)/(2m+ 1) DHBETHT ZEEAHD, FFIZ Tartar R OEEE712BS %
HTORRZHENT 5.

738, Ding-Chen-Luol?! 1& DiPernal’l 0 /% 2D EEMD v KHELED DR
DT, AREDF#1Z Ding-Chen-Luol?l D 77112 358 2 AIBET & % A3, Lions-Perthame-
Tadmorl® | Lions-Perthame-Souganidis*! ®Fi%i%, DiPernal?! % Ding-Chen-Luol?! & o
Darboux Y PR E—TIER L, By bub—2HWAEZOT, AROBRITZH
SIIFYTRESR. LS, MCAROKRIE, Lions 504 P poe v+ 215
TWVWAHT s H 5.

2 I hOE—Y Young AIE

T3, AR TRHREICR S5 brE—¢ Young I OWTHEHICHAT 5.
FHE (3) 1, p(t, x), u(t,z) HE ST HIUR,

[ZM[P'(ZW ZHHZW (W

EET B, ZhITHL,

(Qp7Qu) = (77pa77u) l P/(Z)/P Z 1 (5)
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Zi7z 3 p,u ODEAFOM (n(p,u), qlp,u)) &, T—fb> bab—xf) M % T2¥
fab—) g% >y bab—iHE R =2 ba =, 52 7% p(t,x), u(t, )
Wt LT,

n(p(t, x),u(t, ©)): + q(p(t, 2), u(t, ©))e = 0 (6)

DEIMEFRTE O R 27 L, N2y ba =% (pS, pSu) HRIGT 22 h b %
SHMFHONT VD, Fio, B p=0TO0 LR3TY baE— (0,u)=0) % [Fx>
FRE—] R REXSPEENHIR O 72w BN 3 2 IHMERIE T, 99 B2
DEHND 272058 v —2fVERENRD . 2B, IEO0 LIRS WIS L
T, — I (6) 13RO LR WS, IS0V B8O REE & LT, 59, ™
BRIV b E—niZNT3Ty br—F15%EK

n(p(tv$)au(taz))t —|—q(p(t,z),u(t, 1:))35 <0 (7)

BT RES DB, UL, WO b o E—BAH] (—pS A ISHHET 5.
WD sy M EIERCI, JESTY S LRI R SRS 5, BT O Young U & ITIZH
BLONEERMERT 2

QCcRM ACRN TABERMES, f,c L% A) (n=1,2,...) T3¢k,
LUF 2723 {fatn OEDHN {fo,}; &, F € L®(QA) £, Q DFLALES
YIZAD xR LTERSN S RY LoOMERAE GEATR2HE 1 ® Borel
{E”Fg‘) 23 {Vx(y)}a.e.xeﬁ DBIET 5.

L fo, = f(2) L>(Q)weakx*
2. 1, (A) =1
3. RN FO(TEEOEREE G(y) L,

Gla) = (1a(0). GW) = [, Cluwaldy)
& Q ForR[HIEEECT,
G(fn;(x)) = G(2) L>(Q)weak * .

Z DHERMEDE {vy(y)}e & {fa, }; 1T 2 [Young MIE) LWL, v,(y) 1ICBT 2 G(y)
DEDT % (v, G, (v, G), (G) BRED X S1TEL.

—ERA TR BRI f(2) 22 HIFINFIICR (weakx) T2 K 5 REHIDEAL 5 23, ILGHIX
RO XS BIFOIERTIZ, fo,(z) A fz) ITHNERL TS, —ucidz e JEREEE G(y)
WCHRA LT G(fn, (2)) 1&, G(f(2)) WCIERT 2 LI3F 270, B2 L°(R) OPSHIERT
1& cosnz — 0 TH DM, cos’nz — 1/2 725, ZD G(fn, () ODWRE, G(y) DRERH
JETOET (HHE) & LTEh T 5 & 5 ZMIEEDS, Young HIEETH 5. BaAI, {cosna}
SRS % Young HIFEE v, (y) &, IERFBEZRMEHEBTHIE v, (y) = dy/(mv/1 — y2) 2722 10,

G(fn,; (x)) DRR2EE D G(f(x)) 127225 Z L&, Young HIETE 2 1E v,(y) BT LX
BIEK 67, (y) THZ I L ZEIKL, ZOHER fo, (x) B3 f(z) KRGS 2.
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TR (3) XY 2RO H D 515G 5% Young FIE {vy . (0, u)} e &, 2D
HRERCEERFET 55T Fr B —Xhax UTEA L7z D2 Tartar 57123 (2) 128
NBEHET, 512 (3) WU THIEa > 7 MGG Z AW THE 51 2 BIfRNAY Tartar
77K (2) TH 5. Young P {v;4)(p.u) e BT VXBEETHZ e 2RETH L
23, R DRI & §3RDFER R T T L2722 DT, TOHETIHMEREDH Y b r
Y — XN L CARALS % Tartar 12X (2) 205 Young IEZIRET 5 Z L BHIEE 12 5.

3 Riemann AZE2¥ Darboux OXT

JiRE (3) 1T LT,

weut V0 o VY (8)

TEZE D w,z % [Riemann ~NE&E | EFER. 22 TOEF0=(y—1)/2DEHT,1<v<3
TlF0<0<1TH5.
(p,u) EWH I, p > 0 OHIPITIE (w,z) EWVWHMHIZ 1 X 1 IZHGL,

u =

w+ 2z _< 0 w—z)l/g ()
3 VA 2
EREIND. KoTHELHNT p> 0 BRI LTI, (pu) TEZSILE (w,z) TEX
22 CRAFLRS. Ty hrE—Xf (n,q) % Young JIE v . (p,u) B, p,u DRI,
pyu DRFEEEZ2KDODIC w, 2z OB, w,z DRE, £EZX5ZdTXS. (w,2) TH
25N (3) itk A RBELPARARD, AR THIZX (w,2) TEET 5.
fiifEa > 7 MEEERCTHW OIS (3) DIEMRE, — AL Fio N TR R RIS
Lax-Friedrichs 1D 25 E MBS NS . 2 51%, HEAEEBERFFOZ LI SN T
Wb, %9, (w,2) FHIO =AM X(wo, 20) ZULTD XS ITED 3.

Y(wo, 20) = {(w, 2); w<wy, z> 29, w> 2z} (10)

BB, w>z 1 p> 0L, ZAUIEICH T TRELRD S, TD X(w, 20) & (w, 2) P
M, (p,u) FHTEK 1 0 X512k 5. 28, 2 (p,u) FHRIODDE (w,2) FHDH D

Z(wo,ZO)
0 | w O)< (pO’UO) P

(wo, ZO)

E(wOaZO)
Fig. 1 ¥(wo,20) on (w, z) plane and on (p,u) plane

ZE—HL, BT S(w,20) TRI ZLIZTS. £z, BEEICSZAZSRI p=0(w=2) D
EEZEDIET, ZOED T u I FRERITKESTLED DTH S5, FRIFIERIZIE (p,u)
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DX TIER L, (p,m) = (p,pu) DNTEZZDT, p=0 bEERFTHEE LTEAES.
AT, J9RE p=0 BT 2RI L BIThRVA, 2E P 280z, =
AT X (wo, 20) I L TR IO Z e HNT NS,

HIHHME (po(x), uo(z)) DIFTRTD 2 1K L TH 2 =ABER X(wo, 20) ITEHFEN
TV, 222683 2 (3) OANTKMLMU#, H %\ Lax-Friedrichs
RUZEERUR (02 (¢, ), u(t, ) W&, t > 0 IR LEIC S(wo, 20) WCEENS.

ZAUC & D, ZOEBEDEBRHN (pn(t, ), un(t, x)), Z DIIIHER (5, 2), u(t,x)), BXLF
%#’W:jﬁfj_é Young (EIJE {V(t@)(p,u)}(t,x) ﬁfﬁvﬂ, V(t@) =8 Z(wo,Z()) L}Uﬂ“f@i 075,
ZLTC, i > 7 MEEEICE D, 2D Young P v, ) &, [EEDOF T b o —Xf
(n,q), (7,q) WX LT, BEO Tartar FHER (1) 25, L AW 25D (t,x) (t > 0)
WHRLTHKDIZDZ EAVRENS. 2 2 F TIIEENZIRNT, ZOEDICEHE TRV, 7
LBBEG P 250z L.

H X, Tartar AIERZE L DIWCHELRFa =M%z, LTOWH®W 3 Darboux O
WA B EBEMBINTER LT, 2o THEET 5.

1<y<5/3 D%, EHEOEEDEBEIE o(s) I LT,
no= [ w8 s = 2 (s)ds
q = Xon— G/w(w — s)m+1(s —2)"¢(s)ds

&, (5) Zifi7 59Ty br—xf (n(0,u) =0) &7%%25. ZIT, A &

1+6 1-60
/\2:u+\/A’yp9:%w+ 5 2
T, m &k
1—0 3—7v
T T oy — 1)

ZOBRBD m X, W v = (2m +3)/(2m + 1) 72D, DiPernal’l & m % E@RE L
L, Ding-Chen-Luol? & m % 1 L EDEKE LTW3. AFTIE, m ZHAKE LT,
DiPernal®l *[A U v O&HFETEZ 3.

5T brE—XE, 2O Darboux DA (11) 12X D, ¢ DEHHELZIIFEL, 22056
ZLOBHEOLY b —RELERTES. 2D Darboux DARDEOLY br b —Ht%,
AR TIE Darboux =¥ b —Nf| EFEXR. 7238, Y&, ¢ — Ao = 0 £ § 5. Darboux
Y baE—xHIX LT

o=q—Xn=—0 /Zw(fw — 5)" (s — 2)™¢(s)ds (12)

e,
ABOFERCTHELRLY b =02 FICHENT 5.
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ea € RIZNMLT, ¢ & §(s — a) ITIEDFMIE, BRI ¢o(y) € C(0,1),
fol Po(y)dy =1 723 ¢o(y) WA LT ¢(s) = dn(s) = ngo(n(s —a)) LT n— o
WEhEohszy beb—xt

N0 = (w—a)"(a—2)"Xo(w, 2 a)
0 — 70(w _ a)m-‘rl(a _ Z)mXO(w, 2; a) = —G(w — a)ﬁ(o) (13)

ZZT, Xo(w, z;a) 1&

1 z<a<wDLE)

0 (2R (14)

A

THs (K2). FLEsEXMP 23K &8, 2oz o —3hg, 1ZF
Darboux ONRDERZHN LT ¢ ZBRWEELZDOT, 22 AFTIE Ky o
E—f ZIRA,

e a c RIZMLT, ¢ & —6(s—a) IEDF MR, BARMIZIEZ ED ¢,(s) I LT
B(s)=—¢/(s) ELTn—ooo il bEENBZTY Fa—if

N = {(w—a)"(a—2)"}aXo(w, 2 a)
=m(w —a)™ Y a— 2)™ Y w + 2z — 2a) Xo(w, z; a)
o = —0{(w — a)™(a — 2)™} . Xo(w, z; a) (15)

=07 — g(w — a)n™

q(l) — )\217(1) + 0'(1)

W, ¢ eMZ 2 <a<w TE 9 ¢9.60 % ¢ THILEDDITHZ>TNS.
B, BECEZE, W, & m=1DBEE w =a, 2 = a THEHETER
W, vy ) TORETIEATEET, ¢(s) = —¢),(s) WX LTHILY % Tartar JTENXT,
Lebesgue IWHEFIC & 2 MR 2 BAUZ, (n, ¢W) 123 LT % Tartar EERARAL
TEHIEPREINS.

e a € RIZXLT ¢(s) = (d/ds)™ p,(s) & LTHELNZFFLY b E—=XF (9, qn)-
Z 2T p(s) 1 E Yn(s) = no(n(s —a)) T, Yo(y) & R EIFESDT,

lim (L+y*)do(y) =0,  voly) € L'(R) (16)

ly[—o0

Y53, 2 LTRIUEERERET o LT, (g, qn) AL THR LSBT
YR —=X% (M,,q,) EL, 00 =qn — Xolly £ 5.

CDRED np, 0, ZETET 2.

(2Y w-sye=am (2) i
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. Xy =1
O 0
w
Xo=1
Xol=0
~X,=0

Fig. 2 function X

Bk<mTlEs=zs=wT0IWKXREZDT, m BETEITZL,

" = / Qi) (s)ds,  on = / Qa(s), (s)ds

&b, 2T, Ql(S),QQ(S) =8

0

Q) = @w—ss-2) =" () @9 -2

Q) =@ulw—s.5-2) =—0C10" () (W= -2

D s ICHT2ZHATH D, Z2OHEFEIX

Q1(w) =Q1(0,w—2) =ml(w—2)"

Qi(z) = C?l(w —2,0) =(=1)"ml(w—2)™
Q2(w) =Q20,w—2) =0

Q2(2) = Qa(w—2,0) = (=1)""Im!(w—2)"*!

k5.9 1A ETE TS L,
M = QU+ [ Ris)vn(s)ds
— Qi) = Qu)n() + [ Ra(e)n(s)ds
70 = QY + [ Rals)in(s)ds
— Qa(w)n(w) ~ Qa()n() + [ Ra()ins)ds
0 0 =

Rifs) = —5-Qi(s) = —=-Qilw—s,5-2)  (j=12)

4 Tartar AEERNDHE

(17)

(18)

(19)

Tartar FHEIX (1) 205 v ZIRET 2 ikamid, AIFEERD & BRI I DLNTNT, ZD

(IR EIPaNEe
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V(t,z) @'él\, ERAS X5} V(t,z) 20 THRWESDEHE (C E(’wo,Zo)) %@U, SSUN
DS S(w, 1) LT 5L, ZOBIEA (w1, 21) BED.

TH 2D, T ZIIEHENZHTET IO TABTIREKT 2. 2B, ZDEH71%, DiPernal’l
DEHET Y ba ¥ —xf 2@ %7 & D, Lions-Perthame-Souganidis¥ 12 & 2%z >
e Y=t EFIHT 2 HEOHHBR— N TH L. FELLIIBER ) 251

X7z, KEITEMDORVIRD (t,2) BEELTEZXLDT, vy, E v & HIEELT 2
((wi,21) & (t,2) BIZRESMH). 2L T v TOESITEWT, KRECIEIHERESTBEELE, o,
u TR w, 2 BB T B RTEZ 5.

AT, BT, Tbb v DED (wi,21) DATH S, LW 2 ERITETICO
WTOHRREZEITY. ZO®BFEID T, 3 HiTHA LA Darboux =¥ b E—xf, x>
FrE=N D5, (1) OEAIRDODNIZLLTDES7 B=ng—1nq DRXZFITEZ 5.

Boy =n0¢1) — g0 = pOg1) _pH1)g0)

BY = 5Og, — p,q© =g, — @ (23)
BY =pWg, —ngV  =nWa, — 5,0

By = nGn — Tngn = NnOn — NnOn.

72, BY) (j=0,1) D (0, qn) & (s dn) CEZT=bD% BY) v 7 5.

DiPernal®l, Ding-Chen-Luo &, g, ¢p % C° 25D, MWHIRZ 522 Z & T,
(), (an), (BYY 28T, (BY) 5 0 2 RFZLT (B,) - 0 2RTDTHBH, &L
AROEBRENSE Z e TZ2OHHMEDS LL L, vo, Yo DHIRZEREL T2 MTE 3.

HE 1 55> brb—Xf (m,qi) (1 <1 < 4) WX LT Bm‘ =1iq; — N;4q 55 &,
(B1,2)(Bs4) — (B1,3)(B2,4) + (B14)(B2;3) = 0. (24)
88 1 DA Tartar 12X (1) &b

(Bij) = (mi){a;) — (nj){a)
CRBENG, TNEZFNZIRALTEMITUIEONS. 2B, ZHUE 4 ROiT4H)R

(m) Aq1) (m) (@)
(m2) (q2) (m2) (g2) -0
(m3) (g3) (m3) (g3)
(ma) (ga) (ma) (qa)

D, 2 XO/MTHNRIT & % Laplace B A TH 5. g
ZOME 1 & (23)1T&D,
(Bo,1)(Bu) — (BYNBM) + (BY)(BY) =0 (25)

DEHNZ D, ARTIE Tartar OHFER (1) ZEEES 0TI <, £l X g, ¢ 18
N B 23 oBGRR (25) ZHWT, 512 0 K& 2HPEH WS Z ¢ T, DiPernal?,
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Ding-Chen-Luol?! ©f7 5 BWFHliO##RZ ML 3 5. &8, o 1 X 285 OFIHIZ, Lions-
Perthame-Souganidis¥ & FIVWT W3 FETH 3.

B
i
N

h(a) = (Bo1) €55 &, h(a) &, 21 < a <w; TEIET, ZDHTIE 0 DRI

g 2 DERA (13), (15) &b,

Bog = 7Oc® Mg — 5Ogrn© _ (4 —a)nM} + 0(w — a)n©@n™
= 09 = 0

DT hia) =0((n0)2) >0 725,

%72, 70 = (w—a)"(a — 2)"Xo(w,2z;0) 1&, 2>a FRFw<aTEOTHY, v D
BlE B(wy,21) KEENDZDT,a< 21 2 a>w B0 Bop DEE v DREIFZDLZWN
DT h(a) = <BO71> =0 Ztﬂ%

ZFLT, v DB (w1,21) BEA, 21 < a < w; DEFEE (wr,21) TE O >0 kDT
hia) >0 £725Zdbdrb.

BRI h(a) DHEFNETH 225, Bog = 0n0)? 13 21 <a < w; THERTa 1B L TH
72 DT, Lebesgue NWHEHIZ X D h(a) DHERED KD LD, B

5 BY OFELIER
BY), B, ®#Hiici, LIT ORiEEE 3.

8 3 (16) ZHi7z 3 o(y) WAL T u(s) = ¥n(s;a) =nho(n(s —a)) &35 &, (EED
BRRX I = [p,q] WXL TRHBEDILD.

L. (s —a)ku(s) (k=1,2) & s,ac I, n CELTHRT,
Jim (s —a)fyPu(s) =0
2. f(s) 3 I b3dfeis 513,
Jo= [ $s)nls)ds
&, w,z,a €1 (2 <w), n ITEHLTHERT, IFH D ILD.
T g = f(@)é(w, z5a0,) [ do(y)dy,
R
ZZT,r &(w,za,r) X,

o0 1 (z<a<w DEE)

/0 doly)dy N (z=a<w DL ¥)

"= /wo(y)dy’ Slw,za,r) = l—r z<w=aD¥Z)
R 0 (eSO & %)

35 (X3).
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&(w, z;a,m) =0 E(w,z;a,m) =1

\f(w,z;a,r) =1-r

Fig. 3 function &(w, z;a,r)

HBE3SODIAL S, =n(s—a) T 2L,

k
(5 a)ti(s) = n(s — a)Fsln(s - a)) = “20ol50)

1% (16) X ) —HEHSRT, s £ a THIUL (16) 1I2ED 0 1IRL, s —a DL ZiE S, = 0
Xhorizs.
2. Zp=n(z—a), Wy =n(w—a) 55,

w w Wn
[ tals)lds = [ miotnts = alds = [ o(wldy < ol < o0
z z Zn

72D,

[In| < [ fllcwm 1Yol 2

D IL,E—RERCBES. n— o0 lTNLTE, z2=w k5 I, =0,

= [ (04 L) vutwa

Eh,a<z<wBolX Z,, W, 200, z2<w<aRbl¥ Z, W, = —oc0 £725DT ZH
SDO5EE L, -0 25,
z=a<w DHFEZX, Z,=0, W, =00 £HDT,

I—>/fwo Ydy = f /wo

ERB. . Flhz<w=a D EIX Z, = —0c0, W, =0 &D

b [ @y = F@)1 ) [ vty

eRB. BRI, r<a<w DX, Z, = —oo, W,, 00 &D

f—>/f¢o (@) [ voly)dy

%5 1

xix, zofE 3 2T, BY, BY ofiziis. 51k BY .
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Ny 0n 1E, u(X) =m!X™ 233, (20), (21) &, HHE (19) 12k D,

M = u(w = 2){tn(w) + (=1)" e (2)} + /Zw Ra(s)¢n(s)ds

w (26)
0u = ()" ulw = 2)(w=2)n(2) + | Ra(s)in(s)ds
r#i35. ko, BY ik
BY = 1%, —no® = 5O (0, +0(w — a)ny)
= u(w — )0 (w — &)y (w) + (—1)"(a — 2)Pn(2)}
+7© / "Ry + 0(w — a) Ry }bn(s)ds (27)

E7%%. M3 XD (w—a)pw), (z— a)hn(2) 1F w,z,a € [z21,w1] THRT, n— o0 D
EEIOWRT 2. HRHEBERT, R3(a) = Ra(a) +0(w —a)Ryi(a) £ T 2L

n(O)Rg(a)é(w,zsa,T)Awody (r=/ooo wody//Rwody) (28)

IR 2205, R B W3ERT, (28) IIURT 2 2 L b .
xiz BY 13,

B = nWay, =y = Mo, + 0(w — a)n,) — 07,
= Qu(w — 2)nW{(w — a)thn(w) + (=1)™(a — 2)¢n(z)}
— Ou(w — 2)nO{hn(w) + (=1)" e, (2)}
+n® / (R + 0(w — a) Ry Yo (s)ds — 0n© / " R (s)ds (29)
L7250, W & [z, w1] FERROT, 20 3 F0RD 55, Bofid BY okisr
FRICERT 0 1R T 5. 2 1THOREZ, 0O 12 (w—a)la—2) BPEEFRLTVEDT, T
b1 h BO oBar ABICERT 0 ET 2. 3 fFHD 2 >OBSIES ERT,
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