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An Attempt at Real-Time Estimation of the Ball Drop Position and Player Posture
in Table Tennis

Kenichi ITO*, Kei KAMIJIMA **

In this study, we developed a measurement system for the ball drop position and player
posture during a table tennis stroke rally to investigate whether the system can estimate
the ball drop position in real-time. OpenCV's Channel and Spatial Reliability Tracker
(CSRT) was used to track the table tennis ball. OpenPose was adopted to estimate the
player's posture. The estimation program was developed using Visual Studio 2019 and
implemented on a personal computer (CPU: core i7-7820X, GPU: GTX-1060, Memory: 128
GB). Experiments were conducted at a frame rate of 100 fps, and the results showed that

the current processing was not fast enough to achieve real-time continuous estimation.

Key words: table tennis, ball drop position, player posture, real-time estimation
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How Did Students Perceive Pre-recorded Online English Classes?

Ayako KOMINATO*
(Received November 30, 2022)

This study aims to investigate how the students at Niigata Institute of Technology perceived pre-
recorded online English classes during the COVID-19 pandemic. Sixty-one first-year students in 2020
and 46 first-year students in 2021 were asked to address both advantages and disadvantages that they
recognized while taking the pre-recorded classes. The results suggest that this teaching method helped
the students improve their self-regulated learning while they experienced a difficulty of asking questions.
Comparison of the student evaluations from 2019 to 2021 shows that pre-recorded classes got a higher
evaluation than in-person classes. This paper also discusses some pedagogical implications regarding the

effective use of the pre-recorded method.
Key words: in-person class, Moodle, pre-recorded online class, student evaluation

1. INTRODUCTION

Online teaching has become the main alternative teaching modality in educational settings
during the COVID-19 pandemic. Even though online courses, such as MOOCs, had gradually
become more recognized and available in the last few years even before the pandemic, schools still
conducted most classes face-to-face. This pandemic, however, suddenly changed the way classes
were delivered, which meant that educators around the world were faced with relatively new
pedagogical challenges. It also evoked a discussion about whether online classes could be as effective
as in-person classes.

Now there are three main types of class options available in schools: in-person, live online,
and pre-recorded online. Several reports have attempted to find out which type of class was effective
for Japanese college students. The results have been somewhat mixed. According to Shibuya and
Kawanabe (2021)[!, students preferred in-person classes to the two online options, and their second
preference was pre-recorded followed by live online. Mukogawa Women’s University (2020)!2]
shared the same result in the comparison between the two online methods. Regarding the ease of
understanding learning contents, however, pre-recorded was rated higher than in-person by a wide
margin (68.6% to 13.8%) among medical students (Mitoma et al., 2020)P). Nakamura (2021)1]
reported that the average final examination score was higher and the standard deviation was larger
for pre-recorded than for face-to-face, indicating that the pre-recorded method could benefit
motivated students better than less-motivated ones. Fukihara (2021)P! observes that a pre-recorded

style is less effective for students who dislike studying English than a conventional one while it
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enhances their self-regulated learning. Overall, these reports suggest that online classes, especially
pre-recorded, are not necessarily less effective than in-person classes.

A pre-recorded method, which encounters fewer connection troubles than live online classes,
was used for required English classes at Niigata Institute of Technology (NIIT) in 2020 and 2021.
The aims of this paper were to find out how NIIT students perceived pre-recorded English classes

and to obtain suggestions regarding how to improve the classes better.

2. LITERATURE REVIEW

In general, a pre-recorded class requires students to watch a prerecorded lecture video
uploaded onto a Learning Management System (LMS) and complete an assignment by the deadline.
Students do not have to be in a certain classroom at a scheduled time, allowing them more flexibility
than a conventional class. What kind of influence does this flexibility have on their learning? Five
reports, which focus on how students regard pre-recorded classes, were selected for this paper. All

of them conducted a questionnaire with closed-ended questions.

2.1 Students’ Perception on Advantages/Disadvantages of Pre-recorded Classes

One of the main factors that students appreciated about pre-recorded classes is the ability to
study at their own pace (Abe, 2021(%); Kyoto Notre Dame University, 2020"); Matsushima, 202011
Tsujikawa, Mabuchi, Sakai, & Nakaue, 2021°7). This teaching style allowed them to pause a video
whenever necessary so that they could have enough time to take notes and look up what they did not
understand. Other advantages included the ability to watch a video repeatedly as well as to easily
review what they had learned whenever they wanted to (Abe, 2021; Kyoto Notre Dame University,
2020; Nakamura, 2021). Based on these findings, it can be said that a pre-recorded class enhances
students’ autonomous learning, helping to improve their comprehension of the learning contents.

As for disadvantages, many students had difficulty getting accustomed to using a digital device
properly (Abe, 2021; Kyoto Notre Dame University, 2020; Tsujikawa et al., 2021), especially at the
beginning of the first semester. This is understandable because it was probably their first time taking
classes online by themselves at home. Other commonly mentioned disadvantages were difficulties
asking questions and pacing themselves while studying (Abe, 2021; Kyoto Notre Dame University,
2020; Tsujikawa et al., 2021). In a pre-recorded class, neither their teacher nor classmates are present
to ask questions to. While they might be able to ask questions via email or chat, it is often difficult
for them to receive immediate answers. Another notable problem that students mentioned was the
inability to know how other students are doing in class (Kyoto Notre Dame University, 2020;
Nakamura, 2021). Students often compare themselves to their classmates in order to assess how fast
or slow their understanding is. It is not impossible, but it is challenging to provide students with this

opportunity in pre-recorded classes. These results suggest that it is important to establish a more
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solid connection between a teacher and students as well as among students in pre-recorded classes.

2.2 Differences in Academic Help-seeking Between Online and In-person Classes

As pointed out in the previous section, many students find it difficult to ask questions in pre-
recorded classes. Asking questions is a part of academic help-seeking behavior. Academic help-
seeking is defined as the behavior through which students seek advice and/or ask questions in order
to get assistance for the problems that they cannot solve by themselves (Nosaki, 2003)[!°1. There are
two main types of help-seeking: autonomous and dependent. According to Kera and Hayashi
(2021)'", in autonomous help-seeking, students ask for assistance after trying hard on their own to
solve difficult problems. On the contrary, students who display dependent help-seeking ask for
assistance without attempting to work on problems by themselves. Does the difficulty of asking
questions in pre-recorded classes mean that students give up seeking academic assistance at all? If
not, how do academic help-seeking behaviors differ between online and face-to-face classes?

To answer these questions, Kera and Hayashi (2021) conducted a survey of 116 second to
fourth-year college students who were taking online classes in two universities in Aichi and Fukui.
The authors did not specify whether the online classes were live or pre-recorded. The survey
discovered three aspects of help-seeking behaviors. First, the students displayed dependent help-
seeking more often in face-to-face classes. Second, they were more hesitant to seek academic help
in online classes because they were afraid that replying to their questions via email or SNS would be
troublesome for their teachers and friends. Third, the students autonomously asked for support from
their friends more frequently in online classes. The authors explained that the hesitation to seek help
in online classes might make students scrutinize whether they can solve the problems on their own
and whether help-seeking is really necessary.

It might be generally assumed that students can easily become demotivated when their
questions are not answered right away. Although this is probably true for some students, especially
those who are academically underprepared, the study of Kera and Hayashi (2021) suggests that there
is the possibility that students’ self-directed learning might be enhanced when they acknowledge that

assistance is not readily available.

3. METHOD

3.1 Pre-recorded Class Structure

At NIIT, first-year students were required to take two English courses, Basic English I in the
first semester and Basic English II in the second semester. Each course offered 30 lessons with the
main focus being reading comprehension. The students were divided into two levels, upper and lower,
based on the results of their placement tests, and they basically remained in their assigned classes

throughout the academic year. The author of this report was responsible for one upper-level and one
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lower-level class from 2019 to 2021. Students in 2019 attended in-person classes, and most courses,
including Basic English, were online in 2020. In 2021, the required English classes were the only
courses that the students took online. One of the reasons for continuing English courses online is that
this allowed students to study at home and repeatedly practice pronunciation or read English aloud
without the risk of coronavirus infection.

Pre-recorded classes in 2020 and 2021 were conducted in the following way:

(1) Each lecture was recorded on Power Point slides with audio, then converted into a video and
uploaded onto Moodle, the LMS used at NIIT. The video length was about 60 minutes. While
watching the lecture video, students were assigned problems or activities to work on, which were
expected to take approximately 30 minutes.

The common teaching contents included asking reading comprehension questions, answering
and explaining the problems from the previous assignment, reading aloud and/or dictation activities.
The upper-level class also watched or read internet materials related to the textbook content, such as
videos on YouTube, so that the students could be provided with more authentic English and
additional knowledge. In the lower-level class, the emphasis was on grammar acquisition in addition
to reading comprehension.

(2) A lecture video and an assignment were made available to students based on the school’s schedule
and stored in Moodle until the end of the academic year. Each assignment needed to be submitted by
5 p.m. the following day. The instructor checked every assignment and provided a grade and
feedback within 1-3 days of the deadline. When the students asked a question or made a comment,
the instructor added a reply to the feedback.

(3) One of the difficulties in administering an online English examination is the inability to detect
cheating. Therefore, there were no examinations in 2020 when having many students in one
classroom was discouraged. The course grades were based on how well students completed each
assignment and extracurricular e-learning assignments. In 2021, 3 out of 4 examinations were paper
based. At the end of the second semester, the sixth wave of the COVID-19 inflection suddenly forced
all the courses at NIIT to offer final examinations online or assignments as alternatives to the exams.
In Basic English II, it was decided that an online final examination would be administered with
significant changes to the questions in order to suit the online format and also prevent possible

cheating.

3.2 Participants
Sixty-one first-year students (42 in the upper-level and 19 in the lower-level) in 2020, and 46
first-year students (35 in the upper-level and 11 in the lower-level) in 2021, responded to the

questionnaire. All of them belonged to the Department of Engineering.



How Did Students Perceive Pre-recorded Online English Classes?

3.3 Questionnaire

The students were asked to answer the following two questions in their own words in the last

class of the first semester in 2020, and in the last class of the second semester in 2021:
Q1: What have you found beneficial about this pre-recorded class? (advantages)
Q2: What have you found difficult/challenging about this pre-recorded class? (disadvantages)

The purpose for using open-ended questions is to get as broad a variety of opinions as possible
from the students. The majority of the previous studies referenced in this paper administered multi-
choice questions prepared by teachers or university administrators. Although their results are useful
in understanding how students perceive pre-recorded classes, there might have been other opinions
that the teachers had not anticipated.

In this questionnaire, there were many students who gave more than one answer to each
question. In order to get the most diverse data sample possible, all the answers given by the students

were counted.
4. RESULTS
4.1 Advantages of Pre-recorded Classes
Table 1 shows the most mentioned advantages of the pre-recorded classes in both years. The

results are very similar to those of the previous studies mentioned in Section 2.1.

Table 1 “What have you found beneficial about this pre-recorded class?”

2020 2021
Watching lecture videos again and again (38) Taking classes anytime I want to (26)
Taking classes anytime I want to (20) Studying at my own pace (16)
Studying at my own pace (17) Watching lecture videos again and again (15)
Reading aloud until T am satisfied / Reading | Reading aloud until I am satisfied / Reading
aloud without feeling self-conscious (3) aloud without feeling self-conscious (4)

1. Watching lecture videos again and again (total 53)

The ability to review lecture videos makes it easier for students to not only take notes but also
understand what they have learned. In addition, they can pause and rewind videos in order to
repeatedly practice correct English pronunciation or English sentences until they understand them,
which is extremely important in mastering foreign languages. This repeatability is difficult to provide
in a conventional class where time is scheduled by the instructor.

2. Taking classes anytime I want to (46)
Many students appreciated the flexibility in time and location. It allowed them to use time

more effectively by taking the classes when they could concentrate. This flexibility could have a
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positive impact on their effective learning.
3. Studying at my own pace (33)

Many students paused the lecture video when they came across something that they did not
understand, and they took time to look it up and consider it thoroughly. Some students even utilized
special functions of internet videos to effectively meet their own learning demands. For instance,
several students lowered the speed of a video when they could not understand what was being spoken
in English. One student increased the playback speed when working on a listening activity in order
to get used to faster spoken English.

4. Reading aloud until I am satisfied / Reading aloud without feeling self-conscious (7)

Generally speaking, Japanese students tend to become nervous about their English
pronunciation and hesitate to practice freely when they are surrounded by their classmates. In pre-
recorded classes, however, they were able to practice to their hearts’ content, which was beneficial

for students who were strongly interested in improving their speaking skills.

4.2 Disadvantages of Pre-recorded Classes

The disadvantages that the students pointed out the most are shown in Table 2.

Table 2 “What have you found difficult/challenging about this pre-recorded class?”

2020 2021
Unable to ask questions when I want to (21) Unable to ask questions when I want to (11)
Almost forgetting to watch a lecture video or | Almost forgetting to watch a lecture video or
submit an assignment (18) submit an assignment (10)
Not feeling that [ am attending a class (7) Hard to take classes and submit assignments on
an iPad (7)

Hard to take classes and submit assignments on | Not feeling that [ am attending a class (3)
an iPad (6)
Anxious whether I am doing alright (3) Having Internet connection troubles (2)
None in particular (4) None in particular (4)

1. Unable to ask questions when I want to (total 32)

The flexibility in time and space meant that their teacher and/or classmates were not always
available when the students had questions. Some students wrote questions down on an assignment
to get an answer from the instructor or asked their friends. Others presumably tried to find the answer
by themselves or just left the question unanswered.

2. Almost forgetting to watch a lecture video or submit an assignment (28)

As mentioned earlier, a lecture video and an assignment were uploaded according to the

school’s schedule, and the deadline for each assignment was 5 p.m. the following day. The students

could take a class anytime as long as their assignment was submitted by the deadline. Because of
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this, there were students who nearly forgot to watch a video and/or submit an assignment. Despite
their occasional difficulties in time management, most of the students did not fail to take classes. As
for the students who did fail to complete some of their English classes, their attendance rate for other
courses was also relatively low. In other words, those students missed some of the English classes
not because the classes were pre-recorded but because they had difficulty in being punctual in general.
3. Hard to take classes and submit assignments on an iPad (13)

NIIT distributed an iPad to all its students in 2019-2021. Even though the students could use
any device to take pre-recorded classes, most of them presumably used an iPad as their primary
means of accessing the videos and submitting assignments. Some students struggled to work on an
assignment and watch a lecture video on an iPad at the same time mainly because of its limited screen
size.

4. Not feeling that I am attending a class (10)

There were students who preferred the classroom environment because they were motivated
by seeing their fellow studious classmates. They thought that a pre-recorded class lacked this kind
of encouragement.

5. None in particular (8)

Some students appeared to have adjusted to this new learning style without problems.
6. Anxious whether I am doing alright (3)

Some students became anxious about whether their assignments had been completed
successfully. They were also worried about their level of understanding because they could not
compare it to that of other students.

7. Having Internet connection problems (2)
Though most of the students seem to have been able to take pre-recorded classes without

internet connection problems, some students sometimes experienced trouble when studying at home.

5. DISCUSSION

5.1 Comparison of Class Evaluations by Students in 2019-2021

As seen above, the students experienced both positive and negative aspects of a pre-recorded
class. How did they evaluate the classes after all?

The university administers a class evaluation by students at the end of each semester. Tables
3 and 4 show a comparison of the evaluations of upper- and lower-level English classes respectively
over the last three years (2019-2021). The students were asked to rate each item from 1 (I don’t agree
at all) to 5 (I strongly agree). The scores in both tables are the averages of the two courses (Basic

English I and Basic English II).
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Table 3 The average scores of the student evaluations (upper-level class)

2019 f}?feo f;’fel
(in-person) recorded) recorded)

1. Do you understand what is taught in this class? 4.33 4.53 4.51

2. Do you feel that the teacher is enthusiastic about 491 480 454
this class?

3. Is the teacher’s explanation clear and easy to 415 464 454
understand?

4. Are the' class materials effective for better 436 469 459
understanding?

5. Does ' .the teacher give students gnpugh 436 498 4.60
opportunities to ask questions or express opinions?

6. D'oes this class enhance your interest in this 380 370 400
subject?

7. Overall, are you satisfied with this class? 4.02 4.36 4.46

Table 4 The average scores of the student evaluations (lower-level class)

o9 | 20 [ 2m
(in-person) p
recorded) recorded)
1. Do you understand what is taught in this class? 4.10 4.22 4.40
2. Do you feel that the teacher is enthusiastic about
this class? 4.25 4.51 4.60
3. Is the teacher’s explanation clear and easy to
understand? 4.36 4.51 4.59
4. Are the class materials effective for better
understanding? 4.21 4.56 4.48
5. Does the teacher give students enough
opportunities to ask questions or express opinions? 4.21 4.07 4.23
6. Does this class enhance your interest in this
subject? 3.91 4.00 3.53
7. Overall, are you satisfied with this class? 4.07 4.45 4.30

Overall, the evaluations of pre-recorded classes in 2020 and 2021 were higher than those of
in-person classes in 2019. The results of items 1, 3, and 4 suggest that the students thought that the
pre-recorded method effectively helped them understand class contents. As seen in Section 4.1, many
students made good use of the flexibility of pre-recorded class and self-regulated their learning,
which may have consequently deepened their comprehension. Regarding item 2, which addresses
the instructor enthusiasm, the pre-recorded method received a more positive response from the
students than in-person classes. One reason for this might be that the instructor gave feedback or
commented on every assignment, and the students seemed to appreciate the instructor’s effort.

The results of item 5 should be interpreted with caution. Based on the evaluations, the students

713,
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seemed to recognize that the instructor made sure to allow them to ask questions or express opinions.
However, as mentioned in Section 4.2, the students found it difficult to receive immediate answers
to their questions in a pre-recorded class. In other words, simply giving students the opportunity to
ask questions might not be sufficient. That being said, it does not necessarily mean that questions
from students must be answered immediately since, as Kera and Hayashi (2021) pointed out, this
inability could actually encourage students to consider their questions more thoroughly instead of
expecting answers with little effort.

Considering the results of the student evaluations over the last three years, it can be assumed
that the advantages of pre-recorded classes outweigh the disadvantages. It is important to note,
however, that the results do not necessarily indicate that the students preferred pre-recorded to in-
person. Nevertheless, it can support the claim of Glazier and Harris (2020)!'?! that “online classes

are not inherently worse than face-to-face classes or harder for students to like” (p.15).

5.2 Implications for Effective Pre-recorded Classes

According to Glazier and Harris (2020), factors that make classes best and worst for students
differ between face-to-face and online classes. For in-person classes, the two most important factors
are a teacher’s attitude and the relationship between a teacher and students. On the other hand, for
online classes, assignments and course organization are the most significant. Also, when students in
face-to-face classes think that their teacher lacks a caring attitude, they tend to rate the class worst.
The factors that students think make online classes worst are assignments and lack of teacher
engagement. These results suggest that, in online classes, it is most essential to design the kind of
assignments that would be appropriate for students without diminishing the importance of a teacher.
Glazier and Harris also emphasize the significance of the teachers being supportive and
communicating clearly with students.

Based on a questionnaire survey of students who took pre-recorded classes, Tsujikawa et al.
(2021) mention that class satisfaction is highly related to the ease of understanding the class contents
as well as being able to study at one’s own pace. They also specify the factors that students think are
important for effective pre-recorded classes. First, class materials should be simple and clear. Second,
the students want class materials to be delivered through video or Power Point slides including oral
explanations. Third, instructions and deadlines for assignments need to be clear. Fourth, the students
want teachers to comment on their assignment as soon as possible and provide correct answers.
Lastly, students prefer a class which encourages them to ask questions and offers additional materials.
Aiba (2021)!3] found that the pre-recorded classes which students thought were effective offered
high quality teaching materials, such as Power Point slides with audio, and feedback.

The present study revealed that the issue mentioned the most by the students was the ability to
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ask questions and have them answered when necessary. There are several ways to deal with this
problem. Teachers can encourage students to ask questions via email or SNS if they need to be
answered as soon as possible. It also would be a good idea to create a Q& A section on Moodle where
students can ask questions anytime and teachers answer them at a certain time. If students can wait
a few days for their questions to be answered, teachers can include a Q&A segment in the next lecture
video. Regardless of how teachers choose to deal with the issue, it is more important to assure
students that a teacher is willing to answer any questions and communicate with them in pre-recorded

than it is in in-person classes.

6. CONCLUSION

This paper discusses how the students of NIIT perceived pre-recorded English classes. Though
the students recognized both advantages and disadvantages, the comparison of student evaluations
suggests that the students perceived the classes positively. The results of the questionnaire indicate
that the students made good use of the flexibility of pre-recorded classes, which could help to
improve their self-regulated learning.

It is necessary to remember that this pandemic has had a major influence on the students’
perception and acceptance of online classes. Most of the students accepted online classes because
they understood their necessity in preventing the spread of coronavirus. Therefore, it is not certain
how students would react to pre-recorded classes after the pandemic subsides and our lives return to
normal.

Still, this new style of teaching should not be disregarded just because it lacks the actual
physical presence of teachers and students in a classroom. It is important to take advantage of this

new learning option that the pandemic has brought forth.
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An improvement for solving of Tartar’s equation

for one dimensional isentropic gas dynamics
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Using the compensated compactness theory, DiPerna proved the existence
of weak solutions of one dimensional isentropic gas dynamics equations with
arbitrary large initial data for discrete adiabatic exponents, and Ding-Chen-
Luo extended the result for continuous adiabatic exponents. In their results,
it is important to solve Tartar’s equation for Young measure and weak entropy
pairs, but the part is complicated. In this article, we see an improvement of
the part for discrete exponents. In our method, the argument for the part
is more simple, and we can relax the restriction of the basic function of the

weak entropies.

Keywords: isentropic gas dynamics, compensated compactness theory, im-
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LD RN, 1 KLDFL Y b e v —fizicidhd 2 REFEE ORI 5K

{ pt+ (pu)z =0

(et (o2 + P(p))y =0 17 0TER) (3)

T, p=pt,z) > 0 WETHEREE, u = u(t,r) \ZEE, P = P(p) = Ap” IZEH, A > 0,
1 <y < 3IXERT, v FWEER L dIEN 5. /i TEERFEH], %F 1 EB) &R
ZEML, £oT (3) & DEVARFADTER) & Eh 5.

Z O AR OYVHHERTE O OFAEAEA T £ LT, flifEa > %7 MMEMER (compensated
compactness theory) £W5 b DHH D, ZNZHWT, Ap? TBOEINIH LTI, KEX
REEFNHIRZ 2 R WHIEMEC NS 5 (3) OFIHERIE O 59fEDFIED, £ 3 DiPerna
(1983)B1 12 ko THIEEE v 25 v = 2m +3)/2m + 1) (m = 1,2,3,...) DIFHITRE
1, Ding-Chen-Luo (1985,1986)2 12 & > TZAMPMEED 1 < v < 5/3 I[ZHER X A, Lions-
Perthame-Tadmor (1994)0°] 12Xk b ~ > 3 OHA, # LT Lions-Perthame-Souganidis
(1996)4 12D 1 < v < 3 DHFEIRIN, FXr b =KD P = Ap? OBICH LT
W,y >1 DFTRTD ~ I L TIHBEOREIZIEEEIRL TN 5.

ZD%HZOHERZHHATE2ENIE P(p) AT 2 ABTTOITWSD (Chen-
LeFloch!!, Makinol”, Lul®l), 22Uz i3fE kDD 5t EAD R L & HEICk 5. £7-,
DiPerna (1983)3) OfEHRICH$ 2R TH % Ding-Chen-Luol?! D F5ikIZ, EARZFHE D H
MCHDTDZ0HMMHHEL <, 2o DAHOUR, flilgltd, ZOPHOHEDT-DIC
FBERE Bbh s,

AT, Ding-Chen-Luo? & DFEFADS R DORTERE ¥ LT, DiPernal’) OfEE, $4b
by = (2m+3)/(2m+ 1) DHBETHT ZEEAHD, FFIZ Tartar R OEEE712BS %
HTORRZHENT 5.

738, Ding-Chen-Luol?! 1& DiPernal’l 0 /% 2D EEMD v KHELED DR
DT, AREDF#1Z Ding-Chen-Luol?l D 77112 358 2 AIBET & % A3, Lions-Perthame-
Tadmorl® | Lions-Perthame-Souganidis*! ®Fi%i%, DiPernal?! % Ding-Chen-Luol?! & o
Darboux Y PR E—TIER L, By bub—2HWAEZOT, AROBRITZH
SIIFYTRESR. LS, MCAROKRIE, Lions 504 P poe v+ 215
TWVWAHT s H 5.

2 I hOE—Y Young AIE

T3, AR TRHREICR S5 brE—¢ Young I OWTHEHICHAT 5.
FHE (3) 1, p(t, x), u(t,z) HE ST HIUR,

[ZM[P'(ZW ZHHZW (W

EET B, ZhITHL,

(Qp7Qu) = (77pa77u) l P/(Z)/P Z 1 (5)
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Zi7z 3 p,u ODEAFOM (n(p,u), qlp,u)) &, T—fb> bab—xf) M % T2¥
fab—) g% >y bab—iHE R =2 ba =, 52 7% p(t,x), u(t, )
Wt LT,

n(p(t, x),u(t, ©)): + q(p(t, 2), u(t, ©))e = 0 (6)

DEIMEFRTE O R 27 L, N2y ba =% (pS, pSu) HRIGT 22 h b %
SHMFHONT VD, Fio, B p=0TO0 LR3TY baE— (0,u)=0) % [Fx>
FRE—] R REXSPEENHIR O 72w BN 3 2 IHMERIE T, 99 B2
DEHND 272058 v —2fVERENRD . 2B, IEO0 LIRS WIS L
T, — I (6) 13RO LR WS, IS0V B8O REE & LT, 59, ™
BRIV b E—niZNT3Ty br—F15%EK

n(p(tv$)au(taz))t —|—q(p(t,z),u(t, 1:))35 <0 (7)

BT RES DB, UL, WO b o E—BAH] (—pS A ISHHET 5.
WD sy M EIERCI, JESTY S LRI R SRS 5, BT O Young U & ITIZH
BLONEERMERT 2

QCcRM ACRN TABERMES, f,c L% A) (n=1,2,...) T3¢k,
LUF 2723 {fatn OEDHN {fo,}; &, F € L®(QA) £, Q DFLALES
YIZAD xR LTERSN S RY LoOMERAE GEATR2HE 1 ® Borel
{E”Fg‘) 23 {Vx(y)}a.e.xeﬁ DBIET 5.

L fo, = f(2) L>(Q)weakx*
2. 1, (A) =1
3. RN FO(TEEOEREE G(y) L,

Gla) = (1a(0). GW) = [, Cluwaldy)
& Q ForR[HIEEECT,
G(fn;(x)) = G(2) L>(Q)weak * .

Z DHERMEDE {vy(y)}e & {fa, }; 1T 2 [Young MIE) LWL, v,(y) 1ICBT 2 G(y)
DEDT % (v, G, (v, G), (G) BRED X S1TEL.

—ERA TR BRI f(2) 22 HIFINFIICR (weakx) T2 K 5 REHIDEAL 5 23, ILGHIX
RO XS BIFOIERTIZ, fo,(z) A fz) ITHNERL TS, —ucidz e JEREEE G(y)
WCHRA LT G(fn, (2)) 1&, G(f(2)) WCIERT 2 LI3F 270, B2 L°(R) OPSHIERT
1& cosnz — 0 TH DM, cos’nz — 1/2 725, ZD G(fn, () ODWRE, G(y) DRERH
JETOET (HHE) & LTEh T 5 & 5 ZMIEEDS, Young HIEETH 5. BaAI, {cosna}
SRS % Young HIFEE v, (y) &, IERFBEZRMEHEBTHIE v, (y) = dy/(mv/1 — y2) 2722 10,

G(fn,; (x)) DRR2EE D G(f(x)) 127225 Z L&, Young HIETE 2 1E v,(y) BT LX
BIEK 67, (y) THZ I L ZEIKL, ZOHER fo, (x) B3 f(z) KRGS 2.
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TR (3) XY 2RO H D 515G 5% Young FIE {vy . (0, u)} e &, 2D
HRERCEERFET 55T Fr B —Xhax UTEA L7z D2 Tartar 57123 (2) 128
NBEHET, 512 (3) WU THIEa > 7 MGG Z AW THE 51 2 BIfRNAY Tartar
77K (2) TH 5. Young P {v;4)(p.u) e BT VXBEETHZ e 2RETH L
23, R DRI & §3RDFER R T T L2722 DT, TOHETIHMEREDH Y b r
Y — XN L CARALS % Tartar 12X (2) 205 Young IEZIRET 5 Z L BHIEE 12 5.

3 Riemann AZE2¥ Darboux OXT

JiRE (3) 1T LT,

weut V0 o VY (8)

TEZE D w,z % [Riemann ~NE&E | EFER. 22 TOEF0=(y—1)/2DEHT,1<v<3
TlF0<0<1TH5.
(p,u) EWH I, p > 0 OHIPITIE (w,z) EWVWHMHIZ 1 X 1 IZHGL,

u =

w+ 2z _< 0 w—z)l/g ()
3 VA 2
EREIND. KoTHELHNT p> 0 BRI LTI, (pu) TEZSILE (w,z) TEX
22 CRAFLRS. Ty hrE—Xf (n,q) % Young JIE v . (p,u) B, p,u DRI,
pyu DRFEEEZ2KDODIC w, 2z OB, w,z DRE, £EZX5ZdTXS. (w,2) TH
25N (3) itk A RBELPARARD, AR THIZX (w,2) TEET 5.
fiifEa > 7 MEEERCTHW OIS (3) DIEMRE, — AL Fio N TR R RIS
Lax-Friedrichs 1D 25 E MBS NS . 2 51%, HEAEEBERFFOZ LI SN T
Wb, %9, (w,2) FHIO =AM X(wo, 20) ZULTD XS ITED 3.

Y(wo, 20) = {(w, 2); w<wy, z> 29, w> 2z} (10)

BB, w>z 1 p> 0L, ZAUIEICH T TRELRD S, TD X(w, 20) & (w, 2) P
M, (p,u) FHTEK 1 0 X512k 5. 28, 2 (p,u) FHRIODDE (w,2) FHDH D

Z(wo,ZO)
0 | w O)< (pO’UO) P

(wo, ZO)

E(wOaZO)
Fig. 1 ¥(wo,20) on (w, z) plane and on (p,u) plane

ZE—HL, BT S(w,20) TRI ZLIZTS. £z, BEEICSZAZSRI p=0(w=2) D
EEZEDIET, ZOED T u I FRERITKESTLED DTH S5, FRIFIERIZIE (p,u)

-20-



IRIEET > b u BRI D Tartar SRR OMIEO W R

DX TIER L, (p,m) = (p,pu) DNTEZZDT, p=0 bEERFTHEE LTEAES.
AT, J9RE p=0 BT 2RI L BIThRVA, 2E P 280z, =
AT X (wo, 20) I L TR IO Z e HNT NS,

HIHHME (po(x), uo(z)) DIFTRTD 2 1K L TH 2 =ABER X(wo, 20) ITEHFEN
TV, 222683 2 (3) OANTKMLMU#, H %\ Lax-Friedrichs
RUZEERUR (02 (¢, ), u(t, ) W&, t > 0 IR LEIC S(wo, 20) WCEENS.

ZAUC & D, ZOEBEDEBRHN (pn(t, ), un(t, x)), Z DIIIHER (5, 2), u(t,x)), BXLF
%#’W:jﬁfj_é Young (EIJE {V(t@)(p,u)}(t,x) ﬁfﬁvﬂ, V(t@) =8 Z(wo,Z()) L}Uﬂ“f@i 075,
ZLTC, i > 7 MEEEICE D, 2D Young P v, ) &, [EEDOF T b o —Xf
(n,q), (7,q) WX LT, BEO Tartar FHER (1) 25, L AW 25D (t,x) (t > 0)
WHRLTHKDIZDZ EAVRENS. 2 2 F TIIEENZIRNT, ZOEDICEHE TRV, 7
LBBEG P 250z L.

H X, Tartar AIERZE L DIWCHELRFa =M%z, LTOWH®W 3 Darboux O
WA B EBEMBINTER LT, 2o THEET 5.

1<y<5/3 D%, EHEOEEDEBEIE o(s) I LT,
no= [ w8 s = 2 (s)ds
q = Xon— G/w(w — s)m+1(s —2)"¢(s)ds

&, (5) Zifi7 59Ty br—xf (n(0,u) =0) &7%%25. ZIT, A &

1+6 1-60
/\2:u+\/A’yp9:%w+ 5 2
T, m &k
1—0 3—7v
T T oy — 1)

ZOBRBD m X, W v = (2m +3)/(2m + 1) 72D, DiPernal’l & m % E@RE L
L, Ding-Chen-Luol? & m % 1 L EDEKE LTW3. AFTIE, m ZHAKE LT,
DiPernal®l *[A U v O&HFETEZ 3.

5T brE—XE, 2O Darboux DA (11) 12X D, ¢ DEHHELZIIFEL, 22056
ZLOBHEOLY b —RELERTES. 2D Darboux DARDEOLY br b —Ht%,
AR TIE Darboux =¥ b —Nf| EFEXR. 7238, Y&, ¢ — Ao = 0 £ § 5. Darboux
Y baE—xHIX LT

o=q—Xn=—0 /Zw(fw — 5)" (s — 2)™¢(s)ds (12)

e,
ABOFERCTHELRLY b =02 FICHENT 5.
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ea € RIZNMLT, ¢ & §(s — a) ITIEDFMIE, BRI ¢o(y) € C(0,1),
fol Po(y)dy =1 723 ¢o(y) WA LT ¢(s) = dn(s) = ngo(n(s —a)) LT n— o
WEhEohszy beb—xt

N0 = (w—a)"(a—2)"Xo(w, 2 a)
0 — 70(w _ a)m-‘rl(a _ Z)mXO(w, 2; a) = —G(w — a)ﬁ(o) (13)

ZZT, Xo(w, z;a) 1&

1 z<a<wDLE)

0 (2R (14)

A

THs (K2). FLEsEXMP 23K &8, 2oz o —3hg, 1ZF
Darboux ONRDERZHN LT ¢ ZBRWEELZDOT, 22 AFTIE Ky o
E—f ZIRA,

e a c RIZMLT, ¢ & —6(s—a) IEDF MR, BARMIZIEZ ED ¢,(s) I LT
B(s)=—¢/(s) ELTn—ooo il bEENBZTY Fa—if

N = {(w—a)"(a—2)"}aXo(w, 2 a)
=m(w —a)™ Y a— 2)™ Y w + 2z — 2a) Xo(w, z; a)
o = —0{(w — a)™(a — 2)™} . Xo(w, z; a) (15)

=07 — g(w — a)n™

q(l) — )\217(1) + 0'(1)

W, ¢ eMZ 2 <a<w TE 9 ¢9.60 % ¢ THILEDDITHZ>TNS.
B, BECEZE, W, & m=1DBEE w =a, 2 = a THEHETER
W, vy ) TORETIEATEET, ¢(s) = —¢),(s) WX LTHILY % Tartar JTENXT,
Lebesgue IWHEFIC & 2 MR 2 BAUZ, (n, ¢W) 123 LT % Tartar EERARAL
TEHIEPREINS.

e a € RIZXLT ¢(s) = (d/ds)™ p,(s) & LTHELNZFFLY b E—=XF (9, qn)-
Z 2T p(s) 1 E Yn(s) = no(n(s —a)) T, Yo(y) & R EIFESDT,

lim (L+y*)do(y) =0,  voly) € L'(R) (16)

ly[—o0

Y53, 2 LTRIUEERERET o LT, (g, qn) AL THR LSBT
YR —=X% (M,,q,) EL, 00 =qn — Xolly £ 5.

CDRED np, 0, ZETET 2.

(2Y w-sye=am (2) i
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. Xy =1
O 0
w
Xo=1
Xol=0
~X,=0

Fig. 2 function X

Bk<mTlEs=zs=wT0IWKXREZDT, m BETEITZL,

" = / Qi) (s)ds,  on = / Qa(s), (s)ds

&b, 2T, Ql(S),QQ(S) =8

0

Q) = @w—ss-2) =" () @9 -2

Q) =@ulw—s.5-2) =—0C10" () (W= -2

D s ICHT2ZHATH D, Z2OHEFEIX

Q1(w) =Q1(0,w—2) =ml(w—2)"

Qi(z) = C?l(w —2,0) =(=1)"ml(w—2)™
Q2(w) =Q20,w—2) =0

Q2(2) = Qa(w—2,0) = (=1)""Im!(w—2)"*!

k5.9 1A ETE TS L,
M = QU+ [ Ris)vn(s)ds
— Qi) = Qu)n() + [ Ra(e)n(s)ds
70 = QY + [ Rals)in(s)ds
— Qa(w)n(w) ~ Qa()n() + [ Ra()ins)ds
0 0 =

Rifs) = —5-Qi(s) = —=-Qilw—s,5-2)  (j=12)

4 Tartar AEERNDHE

(17)

(18)

(19)

Tartar FHEIX (1) 205 v ZIRET 2 ikamid, AIFEERD & BRI I DLNTNT, ZD

(IR EIPaNEe
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V(t,z) @'él\, ERAS X5} V(t,z) 20 THRWESDEHE (C E(’wo,Zo)) %@U, SSUN
DS S(w, 1) LT 5L, ZOBIEA (w1, 21) BED.

TH 2D, T ZIIEHENZHTET IO TABTIREKT 2. 2B, ZDEH71%, DiPernal’l
DEHET Y ba ¥ —xf 2@ %7 & D, Lions-Perthame-Souganidis¥ 12 & 2%z >
e Y=t EFIHT 2 HEOHHBR— N TH L. FELLIIBER ) 251

X7z, KEITEMDORVIRD (t,2) BEELTEZXLDT, vy, E v & HIEELT 2
((wi,21) & (t,2) BIZRESMH). 2L T v TOESITEWT, KRECIEIHERESTBEELE, o,
u TR w, 2 BB T B RTEZ 5.

AT, BT, Tbb v DED (wi,21) DATH S, LW 2 ERITETICO
WTOHRREZEITY. ZO®BFEID T, 3 HiTHA LA Darboux =¥ b E—xf, x>
FrE=N D5, (1) OEAIRDODNIZLLTDES7 B=ng—1nq DRXZFITEZ 5.

Boy =n0¢1) — g0 = pOg1) _pH1)g0)

BY = 5Og, — p,q© =g, — @ (23)
BY =pWg, —ngV  =nWa, — 5,0

By = nGn — Tngn = NnOn — NnOn.

72, BY) (j=0,1) D (0, qn) & (s dn) CEZT=bD% BY) v 7 5.

DiPernal®l, Ding-Chen-Luo &, g, ¢p % C° 25D, MWHIRZ 522 Z & T,
(), (an), (BYY 28T, (BY) 5 0 2 RFZLT (B,) - 0 2RTDTHBH, &L
AROEBRENSE Z e TZ2OHHMEDS LL L, vo, Yo DHIRZEREL T2 MTE 3.

HE 1 55> brb—Xf (m,qi) (1 <1 < 4) WX LT Bm‘ =1iq; — N;4q 55 &,
(B1,2)(Bs4) — (B1,3)(B2,4) + (B14)(B2;3) = 0. (24)
88 1 DA Tartar 12X (1) &b

(Bij) = (mi){a;) — (nj){a)
CRBENG, TNEZFNZIRALTEMITUIEONS. 2B, ZHUE 4 ROiT4H)R

(m) Aq1) (m) (@)
(m2) (q2) (m2) (g2) -0
(m3) (g3) (m3) (g3)
(ma) (ga) (ma) (qa)

D, 2 XO/MTHNRIT & % Laplace B A TH 5. g
ZOME 1 & (23)1T&D,
(Bo,1)(Bu) — (BYNBM) + (BY)(BY) =0 (25)

DEHNZ D, ARTIE Tartar OHFER (1) ZEEES 0TI <, £l X g, ¢ 18
N B 23 oBGRR (25) ZHWT, 512 0 K& 2HPEH WS Z ¢ T, DiPernal?,
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Ding-Chen-Luol?! ©f7 5 BWFHliO##RZ ML 3 5. &8, o 1 X 285 OFIHIZ, Lions-
Perthame-Souganidis¥ & FIVWT W3 FETH 3.

B
i
N

h(a) = (Bo1) €55 &, h(a) &, 21 < a <w; TEIET, ZDHTIE 0 DRI

g 2 DERA (13), (15) &b,

Bog = 7Oc® Mg — 5Ogrn© _ (4 —a)nM} + 0(w — a)n©@n™
= 09 = 0

DT hia) =0((n0)2) >0 725,

%72, 70 = (w—a)"(a — 2)"Xo(w,2z;0) 1&, 2>a FRFw<aTEOTHY, v D
BlE B(wy,21) KEENDZDT,a< 21 2 a>w B0 Bop DEE v DREIFZDLZWN
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ZFLT, v DB (w1,21) BEA, 21 < a < w; DEFEE (wr,21) TE O >0 kDT
hia) >0 £725Zdbdrb.
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Fig. 3 function &(w, z;a,r)

HBE3SODIAL S, =n(s—a) T 2L,

k
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In this paper, the unfair competition will be analyzed in the original following manner such that not

only the productive activity but also the unfair activity will be taken into consideration.

Key words: Law and Economics, Unfair Activity, Price Level, Consumer, Waste Rate of Cost

1. Introduction

From the standpoint of normative resource allocation, fair competition is important in economics.
From the standpoint of realism, however, the analysis of the unfair competition which includes
unfair activity for interfering rival’s production will also be important in law and economics!.

In this paper, the unfair activity? will be analyzed in the original following manner such that not
only the productive activity but also the unfair activity will be taken into consideration. In the next
section 2, a simple but originally developed model will be shown. In section 3, comparative static

analysis will be made. In the last section 4, concluding remarks will be given.

2. A Simple Model

Notations :
II:  Profit
P:  Price level
X:  Output level
C: Cost for production. C is an increasing function of X
R: Unfair activity for interfering with rival’s production
K: Cost for interfering with rival’s production. K is an increasing function of R.
Y:  Output level of the rival firm. Y is assumed to be a decreasing function of R. such ¥ = M —

N(R), where M > 0 is constant and d N/d R > 0.

* Associate Professor, Field of Fundamental Education and Liberal Arts, Department of Engineering
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Hence, /1 is shown in the following manner.
I1=PX— C(X)— K(R) (1)

To make the analysis simple, the functions will be specified in the following manner.
P=a—bX+Y),a>0,b>0, where Y =M—N(R), M> 0, NR) =vR, v> 0, C(X) =sX?, 5> 0
and KR) =tR’ t> 0.

Hence, (1) is shown in the following manner.

H={a—bX+M—vR) } X —sX’ —tR’ )

Maximizing /7 with respect to X and R yields the following first order conditions.

OIT/ 0X =—2(b+s) X +a—bM +bvR

=0 ()
and
oI/ OR =bvX—2tR
=0 4)

Second order conditions are assumed to be satisfied.

—2(b+s) <0 and
D=4(b+s)t—b>v’ >0 o)
, where D is the value of the determinant for second order condition.

From (3) and (4) optimal value of X and R are obtained in the following manner.

X*={ 2(a=bM)}/ { 4(b+s)1—b*’ } (6)

R¥*={ (a=bM)bv}/{ 4(b+5)1—b"V" } (7)

X*and R* are assumed to be positive. The denominators of (6) and (7) are positive from (35),
then, a —bM > 0, which corresponds to the price level realized in the market when X happens to be
equal to N(R).

3. The Effects on Price Level and Waste Rate of Cost
For the consumers it is important that they can buy the goods at low price. Therefore, in this

section, the effects of the changes in parameters on the price level will be examined.

The following results can be obtained from (6) and (7) straightforwardly.
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OX*/ dv >0 (8)

OR*/ dv > 0 )

From (8) and (9) the following results can be obtained.

The larger the negative effect of the unfair interfering activity on the rival’s output level, the
larger the output level of the unfair firm. The larger the negative effect of the unfair interfering
activity on the rival’s output level, the larger the unfair interfering activity.

Therefore from (8), X* is increased. However, Y* is decreased as Y* is the decreasing function of
R* Hence, the effect on the total output (X*+Y*) in the market cannot be obtained from the results
of (8) and (9). However, from (6), (7) and Y*= M —N(R*), the following result can be obtained
straightforwardly.

I(X*+Y*) / v <0 (10)

The larger the negative effect of the unfair interfering activity on the rival’s output level, the
smaller the total output in the market.
Since the price level P is a decreasing function of the total output in the market, the following

result can also be obtained straightforwardly.

oP*/ v > 0 (11)

Therefore the following result with respect to the price level has been derived. The larger the
negative effect of the same unfair interfering activity on the rival’s output level, the higher the price
level. This result is serious since the consumers must face the high price in the market.

Similarly the following results can also be obtained straightforwardly.

OX*/ ot <0 (12)

OR*/ ot <0 (13)

The larger the cost of the same unfair interfering activity, the smaller the unfair interfering
activity. The larger the cost of the same unfair interfering activity, the smaller the output level of the
unfair firm. Therefore, when the cost of the same unfair interfering activity is raised, not only the
unfair interfering activity but also the output level of the unfair firm will be decreased. Therefore
from (12) and (13), the effect on the total output in the market can not be obtained straightforwardly,
since the increase in ¢ will decrease the output level of the unfair firm. On the other hand, the rival’s

output level will increase since the rival’s output level is the decreasing function of the unfair
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interfering activity.

However, from (6), (7) and Y*= M — N(R*), the following result can be obtained
straightforwardly.

A(X*+Y*) / ot >0 (14)

The larger the cost of the same unfair interfering activity, the larger the total output in the market.

Since the price level P is a decreasing function of the total output in the market, the following
result can also be obtained straightforwardly.

OP*/ ot < 0 (15)

This result of (15) is different from that of (71).

Therefore the following result with respect to the price level can be derived. When the cost of the

same unfair interfering activity is raised, the price level will be decreased. This result is interesting

since the consumers can buy the product at the lower price in the market.

In the following, the waste rate of cost which is originally defined in this paper will be examined.

The waste rate p of cost is defined in the following manner.

p = KR)/{CX)+KR), (16)
where C is the cost of production, on the other hand K is the cost of the unfair interfering activity.
The cost of the unfair interfering activity can be regarded as the waste of cost.

From (6) and (7),

p* = K(R®)/{C(X*)+ K(R*)).

(17)
From (17) the following additional results can be obtained straightforwardly.
op*/ ds <0 (18)
op*/ ot <0 (19)
dp*/ b >0 (20)
op*/ dv >0 21

Therefore, the following results have been derived with respect to the waste rate of cost.

From (18) the larger the cost for producing the same amount of the output, the smaller the waste
rate of cost. The larger the cost for the same unfair interfering activity, the smaller the waste rate of
cost from (79).The larger the slope of the demand curve in the market, the larger the waste rate of

cost from (20). From (21) the larger the negative effect of the same unfair interfering activity on the
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rival’s output level, the larger the waste rate of cost.

4. Concluding Remarks

In this paper the unfair competition is analyzed in the original following manner such that the
unfair interfering activity is also taken into consideration in addition to the productive activity.
Following results have been derived.

(1) The larger the negative effect of the unfair interfering activity on the rival’s output level,
the larger the output level of the unfair firm. The larger the negative effect of the unfair interfering
activity on the rival’s output level, the larger the unfair interfering activity. The larger the negative
effect of the unfair interfering activity on the rival’s output level, the smaller the total output in the
market. The larger the negative effect of the same unfair interfering activity on the rival’s output
level, the higher the price level. This result is serious since the consumers must face the high price
in the market.

(i) The larger the cost of the same unfair interfering activity, the smaller the unfair interfering
activity. The larger the cost of the same unfair interfering activity, the smaller the output level of the
unfair firm. The larger the cost of the same unfair interfering activity, the larger the total output in
the market. When the cost of the same unfair interfering activity is raised, the price level will be
decreased. This result is interesting since the consumers can buy the product at the lower price in
the market.

(iii) The larger the cost for producing the same amount of the output, the smaller the waste rate
of cost. The larger the cost for the same unfair interfering activity, the smaller the waste rate of cost.
The larger the slopes of the demand curve in the market, the larger the waste rate of cost. The larger
the negative effect of the same unfair interfering activity on the rival’s output level, the larger the
waste rate of cost.

From the realistic standpoint of law and economics, the analysis of unfair competition which
includes unfair activity interfering the rival’s production will also be important. As is denoted
above, increasing the cost of the same unfair interfering activity will lower the price level. Then, at
the lower price the consumers can buy the product in the market. Hence, keeping the unfair
interfering activity under the strict watch system will be important in order to make the unfair

interfering activity expensive.
Notes
1 See Maeda (2020), (2021 a), (2021 b) and (2022),Watanabe and Maeda (2013 a), (2013 b), (2013 ¢)
and (2014) for Law and Economics.

2 See Watanabe (1986), (1987), (1988) and (1989) with respect to another unfair activity; tax

evasion.
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Uniform convexity of complete Busemann spaces

Yukino TOMIZAWA*

Normed linear spaces play an important role in pure and applied mathe-
matics. In particular, Banach spaces are useful tools for problem-solving in
computational science. Mathematicians have showed the geometric structure
of Banach spaces since the introduction of uniform convexity by J. A. Clark-
son. B. Beauzamy presented a characterization of uniform convexity of Banach
spaces. This result was an important property to elucidate the geometric struc-
ture of Banach spaces. It contributed to solve various optimization problems.

On the other hand, H. Busemann constructed a theory of non-positive cur-
vature of metric spaces. Using this theory, B. H. Bowditch introduced non-
positive curvature spaces called Busemann spaces. Busemann spaces are more
general than strictly convex Banach spaces. In recent years, Busemann spaces
have attracted attention for their use in computational science. Against this
background, the study of the geometric structure of Busemann spaces is valu-
able of pure and applied mathematics.

In this paper, I discuss uniform convexity of complete Busemann spaces. As
a main result, I prove a characterization of uniform convexity of Busemann
spaces. This is a generalization of the characterization of uniform convexity of

Banach spaces given by Beauzamy.

Key words: Busemann space, uniformly convex, convex combination
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DInAMEH TN TWA. AWZED HINL, Busemann ZE[E 236 D821k & D fi#IH T

* TR (ST - BOER) A
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H5. KFETIE, 507 Busemann 22/ O —kk I B9 2 R T 2 G T 5.

2 BA

FHEEZERI O —FETH & 7 )V SRR ZE L, SR 0 I U Dk 4 729 B CH 72 4%
AR TE2 FZRERI NS Banach I, FHEMZIZBWTHHAREREE LT
HWwstTws. Banach 22 O &AM X J. A. Clarkson [6] 12 & & —FkMMEDE
AZFi e UTH S22 XN T &7z, Banach 2R ORMZEMMEE TH 2 12 EHERT 5
ETIE, BROMIZE2MNHEG P EERERTH S, B. Beauzamy [3] 13 3 I K 5k
&% F\WTC Banach ZE[] 0 —#RIMIEIZE T 2RI 2R U7z, ZOFER (BIZEdd T 5
i 5.1 &M 5.2) 1&, Banach ZE[M OB RRGE 2 R 2 HE LR TH 72,
NUZ K DB S 9T 78 5 72 Banach ZEMOMEDY, BEAMEZ R FEREIBHINT
Wo 7z,

— 7, H. Busemann [5] I&FREERIEUC 31T 2 D BRI E D W T, B O
FEEMFEOHE A HEL 2. Z OMin% A\, B. H. Bowditch [4] &Ik IE#i=R 22 D
Busemann ZZ[H % & A U 7. Busemann ZE[IE (BA 12 13882 ™ 7)) Banach ZEf & 0 &
— MR BREE T H 0 EFE T ERE LR TEOMATESEH SN TVWS. 20
X5 REEH 5, Busemann ZE[H O R 2 ARG 2 fRIAS 2 Z 21X, MR A7 5 90
BEDRBIZEN LWL U Tl d 5.

AR TIX5EM 7% Busemann 22D —FRMIEIZ DWW TR T 5. FRICERERE LT, —kk
MPEIZEE T AR I 2 S 5. 2k Beauzamy (2 & D R X 172 Banach 2B D —
FRIMMEIZEE 9 2R % Busemann ZEfAN—LL 725D TH 5.

3 Busemann ZEfE

PIF, E#etkz R TEY. (X,d) ZiE#ZEH (metric space), [0,1] C R & FEHDX[H
35, R EBR v [0,]] — X AR (geodesic path) TH 5 L&, d(y(t1),v(t2)) =
|ty — to| VTR TD ty,t0 € [0,]] IZHLTHDIZDIETHS. X H—RQAIMERRZ
@ (uniquely geodesic space) TH B &1E, TRTD i 2,y € X D—RAR AR THRIL
NTWdZEzaWS. z,ye X &l 3 2HMRE [z,y] TERT.

Rzelr,y &tel0,1]iTxLT d(af; 2) =td(z,y),d(z,y) = (1 —t)d(z,y) THD&
Ez=(1-thraty TKRT. ZhE K z,y € X OMFEE (convex conbination) &\

- AT, PR ZE R O = KB DS IR A T BT ITIRE T 5. bbb, =
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RzxyzeX & Zg’zl a;=18%% {a; ), C[0,1] T3 2 MEEA

8] 8] (8] (8]
Ozlx@(l—a1)< 2 Yy D i z), a2y®(1—a2)< !l zo 5 z)

1—@1 1—0{1 1—042 1—@2

WA URTH D & IERS R0,

— R MR 2R X A% Busemann Z2[E (Busemann space) TH 2 &1, LED
DOWHARE 71 2 [0,01] = X & 42 : [0,1] = X (ZHUT (t1,62) = d(11(t1),72(t2)) T
EFRINDE[0,014] x [0,15] > RAMIZRB I &% \WD [4, p. 576, Def.]. Busemann
24 X 13 IR & i 729

(1)[2, p. 4, Prop. 1.1.5] ¥RTD x,y,z€ X &t e[0,1] IZ{LT

dlz,(1 =tz dty) < (1 —t)d(z,z)+ td(z,y). (1)
(2)[9, p. 40, Def. 6.5] $XTD z,y € X & t,s € [0,1] IZXH LT
d((1 -tz D ty, (1 —s)z®sy) = |t — s|d(z,y). (2)

Busemann ZEfH] D BARKGI & U Tl Euclid 22/, B/ )V LRI 2R (& - THE N
Banach ZZf]® ), Wl%2[H], R-trees 7 &35 % [2].

4 CRIMERREZEME T O—RRO

PSR (X, d) O filz,y € X LT, sim € [z,y] o &y ODRR
(midpoint) TH 3 &k, d(z,y) = 2d(x,m) = 2d(m, y) 73:{?%7‘_31_ e, m==%a %
THRIND. SERHERZE/R X 28w T X BHMEMEMTHh I ITRTD X N
ORI RPN FIET 5 Z L IEFAETH 5 [2, p. 2, Prop. 1.1.3].

— R R AR (X, d) DY—8RD (uniformly conver) TH B EIE, FED r>0 &

€ (0,2) izxLT 6 € (0,1] BFEEL T, d(a,z) <1, dla,y) <r 2D d(z,y) > er %
W79 a,r,y e X IZHLT

1 1
d(a 59&'69 2y> (1—5)
DO NEDZEE WD [T, p. 3, Def. 23]. ZDEE r>0 & e€ (0,2] IHNLT, IRTE
FBEH 0(r,e) : (0,00) x (0,2] = (0,1] = modulus of convexity &\ 5:

1 1 1
S(r,€) :== inf{l - ;d(a, 2% D §y) sd(a,z) <7 od(a,y) < d(z,y) > er}.
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Busemann ZZff]iZ 3\ T modulus of convexity 2Rz {723 Z L1k, TDEHRNPORT
ZENTES:

@8 4.1. Busemann %[ (X,d) =MD & &, r > 0 ZEE L7 modulus of
converity (ZFEBIEL 5(r,e) : (0,2] — (0,1] & UTIHRALTH 5.

Proof. 0 < €1 < €3 <2 &9 5. modulus of convexity DEFHL D, d(a,z) = d(a,y) =
r, d(z,y) = er DL E, d((1/2)z ® (1/2)y,a) = (1 — 0(r,e))r /5. ZIT
t=(e2—€1)/2e0, p=(1—-t)xdty,g=ted(1—-t)y &H<. X (1) &V, d(a,p) <r,
dla,q) <r 2135. £7-X (2) £V, d(p,q) = e1r 255, L7zA>T X O—kRkMMEX
D, d((1/2)p® (1/2)q,a) < (1 —6(r,e1))r &5, DAIZ

d(r,e1) <1— %d(g ® g,a> =1- 1d(% ® %,a) = 0(r, €2).

O

—H&i™M72 Busemann ZEZHIIZ DWW TIEIEIL R ER D AB RDFER EDVHFEINTE D,
TR RELFTEANDIRHZR EEFE A 6N TW5 [1]. —F Banach ZE[IE, £ D& FHY
ME & LR ERO AT R OBHMEDHIEI NTH D [8], £ DOfERITEHE LT IZBEFR L
TW5., ZO LS EENS, $E ™ Banach 2D —#{kTH % Busemann 22D #
a2 2 B S 029 5 Z &1, Busemann ZEfIZ B 1) B IEHE K EAR D AE) i DPEE D
figi, B I3 EREALRIENDIGHIZED 2 LHFRFTE 5. 2O LS RENDO T, AfETIE5E
fifi 7 Busemann ZE[H] D —kR(MEIZEE 9 2 KT ) 2R T

b EHER

9, BFOMERTH 2 Banach 22l O —kRMMMEICE T 2R EM T I2DWTHER T 5.
Banach ZE[# (E, ||-||) A= TdH 5 &1E, & e € (0,2] IZH LT d(e) > 0 MFE/EL T,
|z = [yl =1 2D ||z —y|| > € 27T 2,y € EWTHUT [z +yl|/2<1—68(e)
DD Z & EWS . —ffY Banach ZEMEIZHEWT, IRAL D LD,

8 5.1. [3, p. 191, Lem. 2] (E,|||) & —#™Y Banach 22 LT, z,y € E &
Izl =yl =1 2D x £y Z2iizTLdT2d. e:=|z—y|| £BL. TOLETARNTD
t € [0,1] 1T/ U TRA D LD

ac+tyH - 1+t

5 5 —td(e).
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i 5.1 ZH\W5 Z & T, Banach 2O —HMPMEIZE S 2R I A BETH 5.

EE 5.2. [3, p. 190, Prop. 1] (E,|||) % Banach ZEffl& 5. E B"—FRMNTH B Z
EEWRIEFEME : TRTD e € (0,2) IZHLT nle) >0 WFELT, x,y € EITHLT
] <1, [yl <122 ||z —y| > e ZRSIFIRZH

x—;yHQ < (1-00) (IIwIIQ—;HyHZ)

ZOMEIZH LT, 5Effi 72 —kki™ Busemann ZEIZ B 1) 5 — it 2% 2 5. Banach %2
[lDARZ BV (z+ty)/2 1ZX)ET % Busemann ZE[H LD fUE 23/2@ (1 —t)2y Dtas)/2
TRE DD, HEEIZRIENED Wiz, ZoMiEE TldMiE 5.1 L FEFOHmzITd 2 &
MTERN. LA oT, (z+ty)/2 JBéT%BUO)Mm

1—1t @l—i—t t @ 1
X X X
9 1 9 \1+t72 714478

EHWTHmZIT O BEN DD, fHE 5.1 1JIROMIZ—fRiLT 5.

& 5.3. [11, p. 157, Thm. 3.2] (X,d) %54 7% —#ki™ Busemann & U T,
x1, 20,23 € X & € € (0,2] 2 d(z1,22) = d(xy,23) = r > 0 D d(xg,x3) = er
723295, ZOLETRTD t€[0,1] ITRHUTIRAED LD

1—1 1+t t 1 1+1¢
d(m, 5 1 @ 5 (1+tx2@1+tw3)> §r< 5 —té(r,e)).
72, M 5.2 O—ffLTH 5, 5Ef7e Busemann ZE[H D —kki™ME 2 B9 5 RS 1

&, TEoEH 54 THERONS. +aIER 3) It =1 2RATHIEHS . BB
W3HEE 5.3 #FHWAZ & TRaNnbg,

EHE 5.4. (X,d) 257 Busemann & 95, X B—FRNTH DT & LIRIFFME :
TRTD ee (0,2 1ZHLT nle) >0MPFELT, t€[0,1] LRRD =5 2y, 00,23 € X
R UT d(zy,m2) = d(w1,23) =1 2D d(32,73) = €1 7RSI E W72

2
; L L SR N
X T T X
Ly 2 \1+4t2714¢8

S(l_nkod@bxﬁ-+ngﬂ—tﬂ1®Ma)‘ )
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Proof. #lOIZtntemrd. XB)iI2t=12RAT5L&,

1 1
d (ml, 5(1’12 D §x3> <ry/1—mn(e).

L7z3oT, X i d(re)=1—+/1—n(e) 2T 2 —FRMTHS.
RIZEME 2R, M 5.3 &0

2 2
d(ml’ Enahlss (1—ti-t$2 b 1+t$3>) T2<% — to(r, €)>
<
%(d(wl,x3)2 +d(z1, (1 —t)x) & tes)? ) T (7“2 n (td(a:l $2))2)
2 )

) (5 - 1500

(1+412)
Jr &BL. e 1 e ITHKAET B

=: o(t).

~— N[ —

FERED t€[0,1) 1ITHUT ¢ :=d(xs, (1 —t)x; @ tas
fETH D, e >0 71D

max €y =

/—"\

THEIILIZER. ZZTe DEGERITEITD
(e <e€/2 @i%a) “MARERLD,

(1 —t)r =d(ze, (1 —t)x1 B tas) > d(xs, (1 —t)x1 B tas) — d(ze, x3)

$oTt<1—¢/2THB. ZIT

TdH Y FEBEE o(t) 13t € [0, 1] 1T U THREHFFLII [3, p. 193, Lem. 3] DT,

6_2t> - (1-%)? -
5(1 +(1-%) )
TR 2(1 —u/4)%/(1+ (1 —u/2)?) du=0 TRAM 1 22D, ue0,4] (3L TH
HWHRD 2D T, LROAEROALIE 1 KHETHS. DRI
(1— %) i

1—p(t)>1- <1+(1_%)2):2( — 4e; + 8) > 0.

p(t) < 95(1 -

N[ =
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(€ > e/2 DGHE) FHE 4.1 K0 d(re) > 0(r,e/2). £oT

(13-t}

p(t) < T ) =: ().
FRAB () ODIRKMEIZ t =1—20(r,6/2) DEE
V(1 —20(r,e/2)) = 2(6(r, e/2) — 1)8(r, €,/2) + 1 (4)

T® Y, modulus of convexity §(r,e) DEFZELD ZNIE 1 KiiiTH5. DRI
L—(t) =1 —=(t) = 2(1 = 6(r, /2))0(r,€,/2) > 0.
MEXD,
2

4€t+8)
75 nle) L, MOAzZR/RoN5:

2
p 1—t 691+t t . 1
X T X X
gt 2 \1+4t 27 14¢7°

S (1 o ’I](E)) d(l‘l,ill'g) + d($1,2(1 — t)l‘l ) t$2) ‘

0 < n(e) §min{2(€%_ ,2(1—(5(7“,@/2))(5(7’,@/2)}

6 FHEF

KW, AR RIS iR e B RS EFk (9
SR REZS I O S T2 IS ARRH T | (41 2~5 4EEE) - JSPS RFE JP20K 14333 DBk
23 -EDTHB.
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Development of new sweets through Industry-Academia-Finance collaboration
-In the case of AYA-COLLABO: Development of Kashiwazaki Coffret-

Tohru KURACHI*, Hirokazu KUROGI*, Muneyuki SATOH**

AYA-COLLABO is an Industry-Academia-Finance collaboration that began with the desire of the
confectionery store Ayakomaihonpo-Takahashi to create new Kashiwazaki-style sweets together with
Niigata Institute of Technology students. Ayakomaihonpo-Takahashi, Taiko Bank, and Niigata Institute
of Technology started as a three-party collaboration, and then Kashiwazaki Municipal Shindo Elementary
School also joined along the way, developing into a four-party collaboration. " AYA-COLLABO " means
"collaboration with Ayakomaihonpo-Takahashi". AYA-COLLABO has been working on it for about two
years and has developed "Kashiwazaki Coffret" as "a new Kashiwazaki sweet."

The purpose of this report is to record the progress of AYA-COLLABO and to summarize the results
obtained.

Five results obtained are as follows.

1) It was a first practice based on “design thinking” that worked on groupwork by students at Niigata
Institute of Technology.

2) The students were able to gain a lot of skills and experience by designing cookies and making cookie
cutters.

3) In addition to the initial three parties, Shindo Elementary School also participated in the collaboration,
and we were able to develop a new product through a collaborative system of many stakeholders.

4) On the making of package design, it was an opportunity to learn concretely about the differences
between students and professionals, and to learn about the work of professionals.

5) We were able to develop a product for general sale with the participation of the university.

Key words: AYA-COLLABO, Industry-Academia-Finance Collaboration, Design Thinking, Assorted
Cookies, Kashiwazaki Coffret

* 3k

TR (AL T %) MR
Associate Professor, Field of Architecture and Urban Engineering, Department of Engineering
% U7 - EEAHE R

Manager, Section of Career, Industry — University Collaboration
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1. [ZL®IC

1.1 7Yasielx
TYaZREE, METHNOREFE EFEEARE S 13 © THED LWETi7- k51
TZ, BB THRRZOFAEL EBITEY 20 E 0 BN DG E - T FEEF A EEDO LY
MATHD. RPN, $ETEAREY DD REEATICHE L, T O®%RITE LR KF~ K
L, FEREO ZFEETHBEINZ. TO%ET T, MRHsIhE R b2, M
FOHE~FER L. [7YadR) &k, EFERMHZ IV EDaTFRL—r g
EWVIBHRAWVWTARZHENAL ST LD THD. BEMIZIE, Fig. 1 D7 v —i5HE
O A= 7 L) ek l, — RIS L) ickoT-.

AWET, P2EMCbETRVMENREZT Y2 7 RORKBEZ L, BONT-RE
EELOHIEEHBETS.

Fig. 1 ZEEL7=Z v X —iEdabt M=~ 1)

1.2 MYHFRT T 21—)L

BANE, 2020 458 A 19 BHIZHNE LRKFEE REBITOITbADENLIAE 7. Zh
PN, FETHEAREN X B RIEERIT~, FHE TR RKEASOEKFEO /[ HI 20T O
Mt o7, 9 A 10 BICHETIBAR X BNy & RICERIT, BB TRERSO =383 9 B
MOFTBEDER T, £2 T, BFEAMHZ DT OBOOREIT &Y B0 FEH
DORFBTON, FEFSHEETORYMAEBD D Z &L Lz,

D%, K2ERCOEIBMOMBRLERoT-. TOT A% K& < 5 ODEMEIZ/HT
T Table 1127”79

A7 v 701X, Lo =FHEENTELE TOERYFTHS.

ATy 7 LI, FBTHRRFEIFEAITLAIIBMLTHELY, [THEEI VI ool
OOME L LT [FH A L EBEE) ZH0 A, BETOT —~ZigA < Ritd 2 I
DHATZHIRCTH S.

EOTFH AU HE] L, TAV IOV arA_AL—D IT¥E2FOICEHSLTWS
JEEGET, SREOBEIESCHEORA, 4 /) X—=YarxwEdYy—1rtEnTna.
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PEFREEIC XD W R B ORI —T Y2 I8 M= 7 L O Y A —

ATy 720X, ATy T 1ORREI T, FiLWBETLE 7y X—FivabE) Lk
EL, EOEMEMNRT A U2 RET2HBTHD. ZOFRTHE/NF (4 FARE)
EOEEELRE ST,

AT w730, WELEZ vXF—DT A &2b L8, 7 yXx—0&R%E 3D 7V v
ZTRIET 28I &, e LRIRFFATEM D NNy 7T —U T A 2 matd 28R Th
L. 1HEAED [FVvaryT oY) OBEO 1 S8 LTRYVHATLELN, 7TYaTRoA
A=V HERBTELRRE/ONT 02T

ATy T ANE, N b=V TP ENBOT A F—IlERET AL, RNy —
CTVPA U ORRIE DY T, 7 yX—DREMOKKIREE T OIHETHD.

Table 1 7Y T HRORVIHAAT Y 22—/

EEE BY#HAHEE RS ERRE
2020 [ 8 A 19H | HBIRKZLRABITIEELE 27970
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