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Uniform convexity of complete Busemann spaces

Yukino TOMIZAWA*

Normed linear spaces play an important role in pure and applied mathe-
matics. In particular, Banach spaces are useful tools for problem-solving in
computational science. Mathematicians have showed the geometric structure
of Banach spaces since the introduction of uniform convexity by J. A. Clark-
son. B. Beauzamy presented a characterization of uniform convexity of Banach
spaces. This result was an important property to elucidate the geometric struc-
ture of Banach spaces. It contributed to solve various optimization problems.

On the other hand, H. Busemann constructed a theory of non-positive cur-
vature of metric spaces. Using this theory, B. H. Bowditch introduced non-
positive curvature spaces called Busemann spaces. Busemann spaces are more
general than strictly convex Banach spaces. In recent years, Busemann spaces
have attracted attention for their use in computational science. Against this
background, the study of the geometric structure of Busemann spaces is valu-
able of pure and applied mathematics.

In this paper, I discuss uniform convexity of complete Busemann spaces. As
a main result, I prove a characterization of uniform convexity of Busemann
spaces. This is a generalization of the characterization of uniform convexity of

Banach spaces given by Beauzamy.

Key words: Busemann space, uniformly convex, convex combination
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H5. KFETIE, 507 Busemann 22/ O —kk I B9 2 R T 2 G T 5.

2 BA

FHEEZERI O —FETH & 7 )V SRR ZE L, SR 0 I U Dk 4 729 B CH 72 4%
AR TE2 FZRERI NS Banach I, FHEMZIZBWTHHAREREE LT
HWwstTws. Banach 22 O &AM X J. A. Clarkson [6] 12 & & —FkMMEDE
AZFi e UTH S22 XN T &7z, Banach 2R ORMZEMMEE TH 2 12 EHERT 5
ETIE, BROMIZE2MNHEG P EERERTH S, B. Beauzamy [3] 13 3 I K 5k
&% F\WTC Banach ZE[] 0 —#RIMIEIZE T 2RI 2R U7z, ZOFER (BIZEdd T 5
i 5.1 &M 5.2) 1&, Banach ZE[M OB RRGE 2 R 2 HE LR TH 72,
NUZ K DB S 9T 78 5 72 Banach ZEMOMEDY, BEAMEZ R FEREIBHINT
Wo 7z,

— 7, H. Busemann [5] I&FREERIEUC 31T 2 D BRI E D W T, B O
FEEMFEOHE A HEL 2. Z OMin% A\, B. H. Bowditch [4] &Ik IE#i=R 22 D
Busemann ZZ[H % & A U 7. Busemann ZE[IE (BA 12 13882 ™ 7)) Banach ZEf & 0 &
— MR BREE T H 0 EFE T ERE LR TEOMATESEH SN TVWS. 20
X5 REEH 5, Busemann ZE[H O R 2 ARG 2 fRIAS 2 Z 21X, MR A7 5 90
BEDRBIZEN LWL U Tl d 5.

AR TIX5EM 7% Busemann 22D —FRMIEIZ DWW TR T 5. FRICERERE LT, —kk
MPEIZEE T AR I 2 S 5. 2k Beauzamy (2 & D R X 172 Banach 2B D —
FRIMMEIZEE 9 2R % Busemann ZEfAN—LL 725D TH 5.

3 Busemann ZEfE

PIF, E#etkz R TEY. (X,d) ZiE#ZEH (metric space), [0,1] C R & FEHDX[H
35, R EBR v [0,]] — X AR (geodesic path) TH 5 L&, d(y(t1),v(t2)) =
|ty — to| VTR TD ty,t0 € [0,]] IZHLTHDIZDIETHS. X H—RQAIMERRZ
@ (uniquely geodesic space) TH B &1E, TRTD i 2,y € X D—RAR AR THRIL
NTWdZEzaWS. z,ye X &l 3 2HMRE [z,y] TERT.

Rzelr,y &tel0,1]iTxLT d(af; 2) =td(z,y),d(z,y) = (1 —t)d(z,y) THD&
Ez=(1-thraty TKRT. ZhE K z,y € X OMFEE (convex conbination) &\

- AT, PR ZE R O = KB DS IR A T BT ITIRE T 5. bbb, =
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RzxyzeX & Zg’zl a;=18%% {a; ), C[0,1] T3 2 MEEA

8] 8] (8] (8]
Ozlx@(l—a1)< 2 Yy D i z), a2y®(1—a2)< !l zo 5 z)

1—@1 1—0{1 1—042 1—@2

WA URTH D & IERS R0,

— R MR 2R X A% Busemann Z2[E (Busemann space) TH 2 &1, LED
DOWHARE 71 2 [0,01] = X & 42 : [0,1] = X (ZHUT (t1,62) = d(11(t1),72(t2)) T
EFRINDE[0,014] x [0,15] > RAMIZRB I &% \WD [4, p. 576, Def.]. Busemann
24 X 13 IR & i 729

(1)[2, p. 4, Prop. 1.1.5] ¥RTD x,y,z€ X &t e[0,1] IZ{LT

dlz,(1 =tz dty) < (1 —t)d(z,z)+ td(z,y). (1)
(2)[9, p. 40, Def. 6.5] $XTD z,y € X & t,s € [0,1] IZXH LT
d((1 -tz D ty, (1 —s)z®sy) = |t — s|d(z,y). (2)

Busemann ZEfH] D BARKGI & U Tl Euclid 22/, B/ )V LRI 2R (& - THE N
Banach ZZf]® ), Wl%2[H], R-trees 7 &35 % [2].

4 CRIMERREZEME T O—RRO

PSR (X, d) O filz,y € X LT, sim € [z,y] o &y ODRR
(midpoint) TH 3 &k, d(z,y) = 2d(x,m) = 2d(m, y) 73:{?%7‘_31_ e, m==%a %
THRIND. SERHERZE/R X 28w T X BHMEMEMTHh I ITRTD X N
ORI RPN FIET 5 Z L IEFAETH 5 [2, p. 2, Prop. 1.1.3].

— R R AR (X, d) DY—8RD (uniformly conver) TH B EIE, FED r>0 &

€ (0,2) izxLT 6 € (0,1] BFEEL T, d(a,z) <1, dla,y) <r 2D d(z,y) > er %
W79 a,r,y e X IZHLT

1 1
d(a 59&'69 2y> (1—5)
DO NEDZEE WD [T, p. 3, Def. 23]. ZDEE r>0 & e€ (0,2] IHNLT, IRTE
FBEH 0(r,e) : (0,00) x (0,2] = (0,1] = modulus of convexity &\ 5:

1 1 1
S(r,€) :== inf{l - ;d(a, 2% D §y) sd(a,z) <7 od(a,y) < d(z,y) > er}.
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Busemann ZZff]iZ 3\ T modulus of convexity 2Rz {723 Z L1k, TDEHRNPORT
ZENTES:

@8 4.1. Busemann %[ (X,d) =MD & &, r > 0 ZEE L7 modulus of
converity (ZFEBIEL 5(r,e) : (0,2] — (0,1] & UTIHRALTH 5.

Proof. 0 < €1 < €3 <2 &9 5. modulus of convexity DEFHL D, d(a,z) = d(a,y) =
r, d(z,y) = er DL E, d((1/2)z ® (1/2)y,a) = (1 — 0(r,e))r /5. ZIT
t=(e2—€1)/2e0, p=(1—-t)xdty,g=ted(1—-t)y &H<. X (1) &V, d(a,p) <r,
dla,q) <r 2135. £7-X (2) £V, d(p,q) = e1r 255, L7zA>T X O—kRkMMEX
D, d((1/2)p® (1/2)q,a) < (1 —6(r,e1))r &5, DAIZ

d(r,e1) <1— %d(g ® g,a> =1- 1d(% ® %,a) = 0(r, €2).

O

—H&i™M72 Busemann ZEZHIIZ DWW TIEIEIL R ER D AB RDFER EDVHFEINTE D,
TR RELFTEANDIRHZR EEFE A 6N TW5 [1]. —F Banach ZE[IE, £ D& FHY
ME & LR ERO AT R OBHMEDHIEI NTH D [8], £ DOfERITEHE LT IZBEFR L
TW5., ZO LS EENS, $E ™ Banach 2D —#{kTH % Busemann 22D #
a2 2 B S 029 5 Z &1, Busemann ZEfIZ B 1) B IEHE K EAR D AE) i DPEE D
figi, B I3 EREALRIENDIGHIZED 2 LHFRFTE 5. 2O LS RENDO T, AfETIE5E
fifi 7 Busemann ZE[H] D —kR(MEIZEE 9 2 KT ) 2R T

b EHER

9, BFOMERTH 2 Banach 22l O —kRMMMEICE T 2R EM T I2DWTHER T 5.
Banach ZE[# (E, ||-||) A= TdH 5 &1E, & e € (0,2] IZH LT d(e) > 0 MFE/EL T,
|z = [yl =1 2D ||z —y|| > € 27T 2,y € EWTHUT [z +yl|/2<1—68(e)
DD Z & EWS . —ffY Banach ZEMEIZHEWT, IRAL D LD,

8 5.1. [3, p. 191, Lem. 2] (E,|||) & —#™Y Banach 22 LT, z,y € E &
Izl =yl =1 2D x £y Z2iizTLdT2d. e:=|z—y|| £BL. TOLETARNTD
t € [0,1] 1T/ U TRA D LD

ac+tyH - 1+t

5 5 —td(e).
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i 5.1 ZH\W5 Z & T, Banach 2O —HMPMEIZE S 2R I A BETH 5.

EE 5.2. [3, p. 190, Prop. 1] (E,|||) % Banach ZEffl& 5. E B"—FRMNTH B Z
EEWRIEFEME : TRTD e € (0,2) IZHLT nle) >0 WFELT, x,y € EITHLT
] <1, [yl <122 ||z —y| > e ZRSIFIRZH

x—;yHQ < (1-00) (IIwIIQ—;HyHZ)

ZOMEIZH LT, 5Effi 72 —kki™ Busemann ZEIZ B 1) 5 — it 2% 2 5. Banach %2
[lDARZ BV (z+ty)/2 1ZX)ET % Busemann ZE[H LD fUE 23/2@ (1 —t)2y Dtas)/2
TRE DD, HEEIZRIENED Wiz, ZoMiEE TldMiE 5.1 L FEFOHmzITd 2 &
MTERN. LA oT, (z+ty)/2 JBéT%BUO)Mm

1—1t @l—i—t t @ 1
X X X
9 1 9 \1+t72 714478

EHWTHmZIT O BEN DD, fHE 5.1 1JIROMIZ—fRiLT 5.

& 5.3. [11, p. 157, Thm. 3.2] (X,d) %54 7% —#ki™ Busemann & U T,
x1, 20,23 € X & € € (0,2] 2 d(z1,22) = d(xy,23) = r > 0 D d(xg,x3) = er
723295, ZOLETRTD t€[0,1] ITRHUTIRAED LD

1—1 1+t t 1 1+1¢
d(m, 5 1 @ 5 (1+tx2@1+tw3)> §r< 5 —té(r,e)).
72, M 5.2 O—ffLTH 5, 5Ef7e Busemann ZE[H D —kki™ME 2 B9 5 RS 1

&, TEoEH 54 THERONS. +aIER 3) It =1 2RATHIEHS . BB
W3HEE 5.3 #FHWAZ & TRaNnbg,

EHE 5.4. (X,d) 257 Busemann & 95, X B—FRNTH DT & LIRIFFME :
TRTD ee (0,2 1ZHLT nle) >0MPFELT, t€[0,1] LRRD =5 2y, 00,23 € X
R UT d(zy,m2) = d(w1,23) =1 2D d(32,73) = €1 7RSI E W72

2
; L L SR N
X T T X
Ly 2 \1+4t2714¢8

S(l_nkod@bxﬁ-+ngﬂ—tﬂ1®Ma)‘ )
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Proof. #lOIZtntemrd. XB)iI2t=12RAT5L&,

1 1
d (ml, 5(1’12 D §x3> <ry/1—mn(e).

L7z3oT, X i d(re)=1—+/1—n(e) 2T 2 —FRMTHS.
RIZEME 2R, M 5.3 &0

2 2
d(ml’ Enahlss (1—ti-t$2 b 1+t$3>) T2<% — to(r, €)>
<
%(d(wl,x3)2 +d(z1, (1 —t)x) & tes)? ) T (7“2 n (td(a:l $2))2)
2 )

) (5 - 1500

(1+412)
Jr &BL. e 1 e ITHKAET B

=: o(t).

~— N[ —

FERED t€[0,1) 1ITHUT ¢ :=d(xs, (1 —t)x; @ tas
fETH D, e >0 71D

max €y =

/—"\

THEIILIZER. ZZTe DEGERITEITD
(e <e€/2 @i%a) “MARERLD,

(1 —t)r =d(ze, (1 —t)x1 B tas) > d(xs, (1 —t)x1 B tas) — d(ze, x3)

$oTt<1—¢/2THB. ZIT

TdH Y FEBEE o(t) 13t € [0, 1] 1T U THREHFFLII [3, p. 193, Lem. 3] DT,

6_2t> - (1-%)? -
5(1 +(1-%) )
TR 2(1 —u/4)%/(1+ (1 —u/2)?) du=0 TRAM 1 22D, ue0,4] (3L TH
HWHRD 2D T, LROAEROALIE 1 KHETHS. DRI
(1— %) i

1—p(t)>1- <1+(1_%)2):2( — 4e; + 8) > 0.

p(t) < 95(1 -

N[ =
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(€ > e/2 DGHE) FHE 4.1 K0 d(re) > 0(r,e/2). £oT

(13-t}

p(t) < T ) =: ().
FRAB () ODIRKMEIZ t =1—20(r,6/2) DEE
V(1 —20(r,e/2)) = 2(6(r, e/2) — 1)8(r, €,/2) + 1 (4)

T® Y, modulus of convexity §(r,e) DEFZELD ZNIE 1 KiiiTH5. DRI
L—(t) =1 —=(t) = 2(1 = 6(r, /2))0(r,€,/2) > 0.
MEXD,
2

4€t+8)
75 nle) L, MOAzZR/RoN5:

2
p 1—t 691+t t . 1
X T X X
gt 2 \1+4t 27 14¢7°

S (1 o ’I](E)) d(l‘l,ill'g) + d($1,2(1 — t)l‘l ) t$2) ‘

0 < n(e) §min{2(€%_ ,2(1—(5(7“,@/2))(5(7’,@/2)}

6 FHEF

KW, AR RIS iR e B RS EFk (9
SR REZS I O S T2 IS ARRH T | (41 2~5 4EEE) - JSPS RFE JP20K 14333 DBk
23 -EDTHB.
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